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ABSTRACT
The c o n d u c t io n  o f  e l e c t r i c i t y  and h e a t  t r a n s v e r s e  to  a s t r o n g  mag­
n e t i c  f i e l d  i s  c o n s id e r e d  in  te rm s o f  a f r e e  e l e c t r o n  m odel. On th e  
b a s i s  o f  t h e  i s o t r o p y  o f  th e  model and th e  O nsager r e l a t i o n s ,  w i th  an  a 
p o s t e r i o r i  d e t e r m in a t io n  o f  p a r i t y ,  s i x  k i n e t i c  c o e f f i c i e n t s  a r e  e s t a b ­
l i s h e d  as  r e p r e s e n t a t i v e  o f  a l l  such phenomena. These s i x  c o e f f i c i e n t s  
a r e  d e r iv e d  by a quantum m ech an ica l  f o rm u la t io n  u s in g  th e  d e n s i t y  m a t r ix  
and Landau wave f u n c t i o n s .  No u p p e r  l i m i t  i s  imposed on th e  s i z e  o f  th e  
m a g n e tic  f i e l d .  The e q u a t io n  o f  m o tion  f o r  th e  d e n s i t y  m a t r ix  i s  s o l v ­
ed by th e  L ap lace  t r a n s f o r m ,  and by a theorem due to  Kohn and L u t t i n g e r  
t h e  many-body a s p e c t s  a r e  h an d led  r i g o r o u s l y .  Only low te m p e ra tu re s  
a r e  c o n s id e r e d ,  and s im p le  s c a t t e r i n g  by s p a r s e l y  and randomly l o c a t e d  
n e u t r a l  p o i n t  im p u r i t i e s  i s  assumed. The d e r iv e d  c o e f f i c i e n t s  have 
components bo th  m onotonic and o s c i l l a t o r y  as  f u n c t i o n s  o f  r e c i p r o c a l  
m a g n e tic  f i e l d .  These components a r e  compared w ith  p r e v io u s  t h e o r i e s  
and th e  o s c i l l a t o r y  components a r e  compared w ith  e x p e r im en ts  on b ism uth  
and z i n c .  The d e r iv e d  m onotonic  components a g re e  w i th  th o s e  o f  W ilson 
w ith  two e x c e p t io n s .  The p r e d i c t e d  o s c i l l a t i o n s ,  which a r e  l a r g e s t  i n  
th e  e l e c t r i c - t h e r m a l  and t h e r m a l - e l e c t r i c  c o e f f i c i e n t s ,  have th e  c h a r a c ­
t e r i s t i c  de H aas-van  A lphen p e r io d  and p ro p e r  te m p e ra tu r e  dependence , 
b u t  f a i l  by s e v e r a l  o r d e r s  o f  m agn itude  to  e x h i b i t  th e  a m p l i tu d e s  o f  
th e  e x p e r im e n ta l  d a t a .
CHAPTER I
INTRODUCTION
A co m p le x  o f  g a l v a n o m a g n e t i c  a n d  th e rm o m a g n e t i c  e f f e c t s  r e s u l t s  
when e l e c t r o n s  a r e  i m p e l l e d  t h r o u g h  a  c o n d u c t o r  i n  a  m a g n e t i c  f i e l d  by  
e l e c t r i c  a n d  th e r m a l  f o r c e s .  The e f f e c t s  may b e  c h a r a c t e r i z e d  by  t h e  
c o e f f i c i e n t s  o f  a  s y s te m  o f  l i n e a r  e q u a t i o n s :  j  = L F , p , q  =
p pq q
1 , 2 , .  . . ,  6 , w h e re  j ^ ,  j 2 , a n d  F ^ ,  F2 , F^ a r e  t h e  x - ,  y - ,  a n d  z -  
c o m p o n e n ts  o f  t h e  e l e c t r i c  " f l u x "  a n d  e l e c t r i c  " f o r c e " ;  j ^ ,  j ^ ,  a n d  
F ^ ,  F ,. ,  Fg a r e  t h e  x - ,  y - ,  a n d  z - c o m p o n e n ts  o f  t h e  t h e r m a l  " f l u x "  a n d  
t h e r m a l  " f o r c e " ;  t h e  L*s a r e  t h e  " k i n e t i c "  o r  " p h e n o m e n o l o g i c a l "  c o e f ­
f i c i e n t s .
The p r o b le m  e s s a y e d  h e r e  i s  t h e  qu an tu m  m e c h a n i c a l  d e v e lo p m e n t  o f  
t h e  c o e f f i c i e n t s  f o r  a n  a l m o s t - p e r f e c t  m e t a l  w i t h  f r e e  e l e c t r o n s ,  i n  a 
m a g n e t i c  f i e l d  t r a n s v e r s e  t o  b o t h  t h e  e l e c t r i c  a n d  t h e r m a l  f o r c e s .  We 
a r e  p r i m a r i l y  c o n c e r n e d  w i t h  t h e  o s c i l l a t i o n s  t h a t  a r e  o b s e r v e d  a t  low  
t e m p e r a t u r e s  an d  we l i m i t  c o n s i d e r a t i o n  t o  t e m p e r a t u r e s  lo w  enough  t h a t  
t h e  d i f f u s i o n  c u r r e n t  o f  e l e c t r o n s  i s  t h e  m a j o r  a g e n c y  f o r  h e a t  t r a n s ­
f e r ,  p h o n o n  c o n d u c t i o n  b e i n g  n e g l e c t e d .  S c a t t e r i n g  w i l l  b e  a s su m e d  t o  
b e  d u e  t o  s p a r s e l y  a n d  r a n d o m ly  l o c a t e d  n e u t r a l  p o i n t  i m p u r i t i e s .  We 
s h a l l  n o t  'p e r f o r m  t h e  m a n i p u l a t i o n s  l e a d i n g  t o  d e s c r i p t i o n s  o f  t h e  v a r ­
i o u s  g a l v a n o m a g n e t i c  a n d  th e r m o m a g n e t i c  e f f e c t s  e x p l i c i t l y  i n  t e r m s  o f
1
th e  k i n e t i c  c o e f f i c i e n t s ;  t h e s e  may be found in  th e  l i t e r a t u r e .
The f a m i l i a r  exam ples o f  F o u r i e r ’ s and Ohm’ s laws s u g g e s t  l i n e a r
e q u a t io n s ,  b u t  w i th i n  t h i s  f o rm u la t io n  t h e r e  a r e  a number o f  p o s s i b l e
2co m b in a tio n s  o f  f l u x e s  and f o r c e s ,  s e v e r a l  o f  which p e rm i t  th e  u t i l ­
i z a t i o n  o f  t h e  im p o r ta n t  r e s u l t  o f  th e  n a s c e n t  th e o ry  o f  i r r e v e r s i b l e
3
therm odynam ics, t h e  O nsager r e c i p r o c i t y  r e l a t i o n s .  B earing  i n  mind 
t h a t  t h e  common p r o p e r ty  o f  a l l  i r r e v e r s i b l e  p r o c e s s e s  i s  t h e  g e n e ra ­
t i o n  o f  e n t ro p y ,  each f l u x  and i t s  c o n ju g a te  f o r c e  m ust be s e l e c t e d  i n  
such a way t h a t  t h e i r  p ro d u c t  y i e l d s  a p o s i t i v e  r a t e  o f  e n t ro p y  d e n s i t y  
p r o d u c t i o n .  I f  f o r  th e  f l u x e s  we make what seem th e  n a t u r a l  c h o ic e s  o f  
e l e c t r i c  and the rm al c u r r e n t  d e n s i t i e s ,  we m ust choose  a s  t h e  e l e c t r i c  
d r iv i n g  f o r c e  (T ^ ) ( e  ^ 7 ^ ) »  where 'J = p. -  eV, w i t h / i  th e  chem ica l po­
t e n t i a l ,  e th e  a b s o lu t e  v a lu e  o f  t h e  ch a rg e  on th e  e l e c t r o n ,  and V th e  
. e l e c t r o s t a t i c  p o t e n t i a l ,  and a s  t h e  th e rm al d r i v i n g  f o r c e ,  (T ^ ) ( - T  *7T) 
w here T i s  th e  a b s o lu t e  te m p e ra tu r e .  These f o r c e s  seem n a t u r a l  a l s o ,  
f o r  i t  i s  a c t u a l l y  t h e  g r a d i e n t  o f  th e  e l e c t r o c h e m ic a l  p o t e n t i a l ,  n o t  
t h e  g r a d i e n t  o f  p o t e n t i a l  o n ly ,  and th e  g r a d i e n t  o f  te m p e ra tu r e  t h a t  
a r e  imposed e x p e r im e n ta l ly .^
■^ N. H. Z ebouni,  D i s s e r t a t i o n ,  L o u i s i a n a  S t a t e  U n i v e r s i t y ,  1961 
(u n p u b l i s h e d ) »
2 S. R. de G roo t,  Thermodynamics o f  I r r e v e r s i b l e  P ro c e s s e s  
(N o r th -H o i lan d  P u b l i s h in g  C o .,  Amsterdam, 19 5 8 ) ,  Chap. 3 .
3 L. O nsager,  Phys. Rev. 37, 405 (1 9 3 1 ) ;  38, 2265 (1 9 3 1 ) .
4
J .  N. Ziman, E le c t r o n s  and Phonons (O xford  U n iv e r s i t y  P r e s s ,  
London, 1960),  p .  383.
W ith  t h e s e  c h o i c e s  t h e  " e l e c t r i c "  f o r c e  c o n t a i n s  a  w eak t e m p e r a ­
t u r e  d e p e n d e n c e  i n  j i t a n d  t h e  t h e r m a l  f l u x  m u s t  be  w r i t t e n  [ ( £  -  ^ ) •
v e l o c i t y ]  ^  b u t  t h e s e  f l u x e s  a n d  f o r c e s  p e r m i t  t h e  u t i l i z a t i o n
8o f  t h e  O n s a g e r  r e l a t i o n s :  L (H) = L ( - H ) .  T h i s  i s  i m p o r t a n t  b e -
pq qp
c a u s e  t h e  O n s a g e r  r e l a t i o n s  fo rm  t h e  o n l y  b r i d g e  b e tw e e n  t h e  " e l e c t r i c -  
t h e r m a l "  s u b m a t r i x  a n d  t h e  " t h e r m a l - e l e c t r i c "  s u b m a t r i x  o f  t h e  c o e f ­
f i c i e n t s .  We may s i m p l i f y  t h e  p ro b le m  o f  d e t e r m i n i n g  a l l  c o e f f i c i e n t s  
f o r  e f f e c t s  t r a n s v e r s e  t o  t h e  m a g n e t i c  f i e l d  by  i n v o k i n g  t h e  i s o t r o p y  
o f  f r e e  e l e c t r o n s  so  t h a t  t h e  r o t a t i o n a l  sym m etry  o f  t h e  x -  a n d  y - a x e s  
w i t h  t h e  m a g n e t i c  f i e l d  H i n  t h e  z - d i r e c t i o n  g i v e s  u s  L ^^(H ) = L 2 2 ( H ) ,
l 1 2 ( h ) = -  l 2 1 ( h ) ,  l 1 4 ( h ) = l 2 5 ( h ) ,  l 1 5 ( h ) -  -  l 2 4 ( h ) ,  l 41;(h ) =
L5 2 ( H ) ,  L4 2 (H) -  -  L5 1 (H>, L4 4 (H) « L5 5 (H) a n d  L4 5 (H) -  -  L 5 4 ( H ) .
B ut o n l y  by t h e  O n s a g e r  sym m etry  may we a l s o  w r i t e  L^4 (H) = L4 ^ ( - H ) ,  
L 1 5 (H) -  L 5 1 ( - H ) ,  L2 4 (H) = L4 2 ( - H ) ,  a n d  L2 5 (H) -  L 5 2 ( - H ) .  The
p a r i t y  o f  t h e  c o e f f i c i e n t s  a s  f u n c t i o n s  o f  H i s  a  p r i o r i  unknow n e x c e p t  
i n  t h o s e  c a s e s  w h e re  t h e  r o t a t i o n a l  a n d  O n s a g e r  s y m m e t r i e s  o v e r l a p ;  a n  
i n s p e c t i o n  o f  o u r  r e s u l t s  h o w e v e r  w i l l  show t h a t  L ^ ( H )  i s  a n  o dd  f u n c ­
t i o n  o f  H, L2 ^(H ) e v e n .  T h u s ,  L ^^(H ) = -  L ^ ( H )  a n d  =
L szC H ). W ith  t h i s  i n f o r m a t i o n  a n d  t h e  a b o v e  s y m m e t r i e s  we c a n  a d d  
L1 4 (H) = L4 1 (H) a n d  L4 2 (H) = -  L2 4 ( H ) .  The t a s k  i s  t h u s  t o  d e v e l o p  
t h e  s i x  c o e f f i c i e n t s :  I ^ 2 > ^ 2 2 * ^15* L25* ^ 4 5 * anc* ^ 5 5 *
5 I b i d . , p p .  3 8 3 ,  3 8 4 .
^H. B. C a l l e n ,  T herm odynam ics  ( J o h n  W i le y  a n d  S o n s ,  New Y o rk ,  
1 9 6 0 ) ,  p p .  2 9 5 ,  2 9 6 .
^H. J o n e s ,  H andbuch d e r  P h y s i k , e d i t e d  by  S .  F l t fg g e  ( S p r i n g e r -  
V e r l a g ,  B e r l i n ,  1 9 5 6 ) ,  V o l .  XIX, p .  2 2 7 .
g
d e  G r o o t ,  o p .  c i t . , p .  8 .
We would ex p e c t  any "3"  o r  " 6 " c o e f f i c i e n t  t o  be ze ro  e x ce p t
L3 6 J Lgg* and Lgg, b u t  t h e  t r a n s p o r t  p r o c e s s e s  o f  th e s e  c o e f f i c i e n t s
a r e  n o t  t r a n s v e r s e  b u t  p a r a l l e l  to  th e  m ag n e tic  f i e l d ,  and a r e  o f  a
9d i f f e r e n t  c h a r a c t e r  m ost am enable t o  a  d i f f e r e n t  ap p ro ac h ,
9The c o e f f i c i e n t  has  been  c a l c u l a t e d  by P, N, A rg y re s ,  J ,
Phys. Chem, S o l id s  4 ,  19 (1958 ); f u r t h e r  m en tio n  o f  t h i s  a p p e a rs  i n  
s e c t i o n  2 , 1 ,
CHAPTER II
THE METHOD OF ATTACK
2 . 1 .  Quantum M e c h a n ic a l  F o r m u l a t i o n ;  L andau  Wave F u n c t i o n s
C o n s i d e r  a  f r e e  e l e c t r o n  i n  a  m a g n e t i c  f i e l d  o n l y .  L e t  t h i s  m ag­
n e t i c  f i e l d  b e  i n  t h e  z - d i r e c t i o n .  The z - c o m p o n e n t  o f  t h e  e l e c t r o n ’ s 
v e l o c i t y  i s  u n a f f e c t e d  by t h e  f i e l d ;  i n i t i a l  x -  o r  y - c o m p o n e n ts  o f  
v e l o c i t y  becom e t a n g e n t i a l  co m p o n e n ts  a s  t h e  e l e c t r o n  i s  f o r c e d  t o  
t r a c e  a  c i r c l e  o r  a r i g h t  c i r c u l a r  h e l i x  a r o u n d  t h e  z - a x i s .  I n  o l d  
q uan tu m  l a n g u a g e ,  o n l y  t h o s e  c i r c u l a r  o r b i t s  a r e  a l l o w e d  t h a t  s a t i s f y  
t h e  B o h r -S o m m e r fe ld  c o n d i t i o n .
I n  p - s p a c e  t h e  s p e c i f i c a t i o n  i s  t h a t  e n e r g y  s t a t e s ,  u n i f o r m l y  d i s ­
t r i b u t e d  b e f o r e  t h e  a p p l i c a t i o n  o f  t h e  m a g n e t i c  f i e l d ,  a r e  s w e p t  i n t o  
h i g h l y  d e g e n e r a t e  s t a t e s  c o r r e s p o n d i n g  to  c y l i n d r i c a l  s u r f a c e s  o f  c o n ­
s t a n t  e n e r g y ,  t h e  s o - c a l l e d  L andau  l e v e l s .  The c u r v e s  o f  i n t e r s e c t i o n  
o f  t h e s e  s u r f a c e s  by  a  p la n e ,  p e r p e n d i c u l a r  t o  t h e  f i e l d  a r e  s e p a r a t e d
by  a r e a s  e h H /e  a n a  d i f f e r  i n  e n e r g y  by IT oJ  , w here o J  i s  t h e  c y c l o t r o nc c
f r e q u e n c y  eH /m c. As t h e  m a g n e t i c  f i e l d  i n c r e a s e s ,  t h e  l e v e l s  e x p a n d ,  
t h e  d e g e n e r a c y  i n c r e a s e s ,  a n d  h i g h e r  l e v e l s  em p ty  i n t o  l o w e r  o n e s  a s  
t h e y  c r o s s  t h e  F erm i s u r f a c e  — t h e  b a s i c  m e ch an ism  f o r  t h e  d e  H a a s - v a n  
A lp h e n  e f f e c t . ^
A w ave f u n c t i o n  t h a t  d e s c r i b e s  c i r c u l a r  m o t i o n  w o u ld  be  s u i t a b l e .
D. S h o e n b e r g ,  P r o g r e s s  i n  Low T e m p e r a tu re  P h y s i c s , e d i t e d  by  
C. J .  G o r t e r  ( N o r t h - H o l l a n d  P u b l i s h i n g  C o . ,  A m ste rd am , 1 9 5 7 ) ,  V o l .  2 ,  
p .  2 3 0 .
Landau wave f u n c t io n s  f i t  t h i s  d e s c r i p t i o n . ^  N orm alized w ith  p e r i o d i c  
boundary c o n d i t io n s  th e s e  a r e
%  ■ - ( “ % » „ ! ) '■  e f ( y ' y’ ] 7 ^ 7 ^  • ( i )
w i th  * <£yy  f o r  i?« , 4 * - S f  ; /3, e » 0, * I, i  2 , . . .
IeH I !fc, Hn a r e  H en n ite  p o ly n o m ia ls ,  and yQ -  k i s  t h e  y-
c o o r d in a te  o f  th e  c e n t e r  o f  th e  c i r c l e .  These a r e  o r th o n o rm al and com- 
12 13p l e t e  * and a r e  e x a c t  e ig e n f u n c t io n s  f o r  t h e  S chrfld inger e q u a t io n  
w i th  H a m il to n ia n  W = ( l /2 m ) (p  + e A /c )2 , w ith  t h e  v e c t o r  p o t e n t i a l  A =
o r\
C-Hy, 0 ,  0 ) .  The e ig e n v a lu e s  a r e  <5 = (n+%)l?coc + ff Q /2m .
I f  now an  e l e c t r i c  f i e l d  i s  added , w ha teve r  t h e  i n i t i a l  v e l o c i t y  
o f  th e  e l e c t r o n  th e  c l a s s i c a l  m o tion  i s  no lo n g e r  c i r c u l a r  b u t  cy­
c l o i d a l  i n  t h e  x -y  p la n e .  We may s t i l l  u se  th e s e  Landau wave f u n c t io n s
b u t  th e  fo l lo w in g  changes o c c u r  f o r  an  e l e c t r i c  f i e l d  E p a r a l l e l  t o  t h e
2
y - a x i s :  yQ = ( l /2 m )(p  + eA /c ) 2 + eEy, <f =
2 2 2 2 2 (n+%)f? u>c + S /  /2m + eEyQ + me E /2H . P ro ceed in g  in  t h i s  man­
n e r  we do n o t  have to  l i m i t  th e  s t r e n g t h  o f  th e  m ag n e tic  f i e l d ,  i n  con­
t r a s t  to  a p e r t u r b a t i o n  app roach .
The d e c i s i o n  to  u se  Landau wave f u n c t io n s  d e te rm in e s  t h a t  th e  
u s u a l  d i s t r i b u t i o n  f u n c t i o n  f ,  which we s h a l l  i d e n t i f y  w i th  th e  d i a g ­
o n a l  e lem en ts  o f  th e  d e n s i t y  m a t r ix  ^o, may n o t  be u s e d .  O f f -d ia g o n a l
n L. Landau, Z. P h y s ik  64 , 629 (19 3 0 ) .
12H. Weyl, The Theory o f  Groups and Quantum M echanics (Dover 
P u b l i c a t i o n s ,  New York, 1950),  p .  400 .
13G. Sansone, O rthogonal E xpansions ( I n t e r s c i e n c e  P u b l i s h e r s ,  
Nexv York, 1959),  p .  357.
e l e m e n t s  o f  t h e  d e n s i t y  m a t r i x  w i l l  b e  n e c e s s a r y .  F o r  e x a m p le ,  t h e  
e l e c t r i c  c u r r e n t  d e n s i t y  i n  t h e  y - d i r e c t i o n  i s  u s u a l l y * ^  w r i t t e n  J 2  = 
- e  J v ^ f  dT , w h e re  v ^  i s  t h e  y -c o m p o n e n t  o f  v e l o c i t y .  B u t we s h a l l  
f i n d  t h a t  i n  t h e  L an d au  r e p r e s e n t a t i o n  t h e  m a t r i x  o f  t h e  y - v e l o c i t y  
o p e r a t o r  h a s  z e r o  d i a g o n a l  e l e m e n t s .  Then  t h e  p r o d u c t  v ^ f  v a n i s h e s  a n d  
g i v e s ,  i n c o r r e c t l y ,  3 2  = 0 .  By u s i n g  o f f - d i a g o n a l  e l e m e n t s  o f  t h e  d e n ­
s i t y  m a t r i x  we s h a l l  g e t  a  n o n - v a n i s h i n g  r e s u l t .  The t e c h n i q u e ,  w h ic h  
we s h a l l  d e v e l o p  i n  t h e  n e x t  s e c . t i o n ,  a l s o  t a k e s  i n t o  a c c o u n t  r i g o r o u s ­
l y  t h e  m a n y -b o d y  a s p e c t s  o f  t h e  t r a n s p o r t  p r o c e s s e s .
The d e n s i t y  m a t r i x  i s  a  n e c e s s i t y  f o r  c u r r e n t s  p e r p e n d i c u l a r  t o  
t h e  e l e c t r i c  f i e l d  o r  t o  t h e  " t h e r m a l  f i e l d "  when t h e  L andau  w ave f u n c ­
t i o n s  a r e  u s e d ,  b u t  w h a t  a b o u t  some o t h e r  r e p r e s e n t a t i o n ?  I f  a n o t h e r  
r e p r e s e n t a t i o n  i s  c h o s e n  s u c h  t h a t  a n  o p e r a t o r  o f  i n t e r e s t  i s  d i a g o n a l  
i n  t h i s  new r e p r e s e n t a t i o n ,  t h e n  t h e  e x p e c t a t i o n  v a l u e  o f  t h i s  o p e r a t o r  
i s  g i v e n ,  a s  we s h a l l  show  t o  b e  t h e  c a s e  g e n e r a l l y ,  by  t h e  t r a c e  o f  
t h e  p r o d u c t  o f  t h e  o p e r a t o r  m a t r i x  t i m e s  t h e  d e n s i t y  m a t r i x ,  w h ic h  
m ean s  h e r e  t i m e s  o n l y  t h e  d i a g o n a l  e l e m e n t s  o f  t h e  d e n s i t y  m a t r i x .
T h i s  p r o d u c t  i s  j u s t  t h e  o p e r a t o r  t i m e s  t h e  d i s t r i b u t i o n  f u n c t i o n .  The 
p l a n e  w ave r e p r e s e n t a t i o n  i s  a  c a s e  i n  p o i n t .  H e re  t h e  m a t r i x  e l e m e n t s  
o f  t h e  x - v e l o c i t y  o p e r a t o r s ,  f o r  e x a m p le ,  a r e
Vv  v  '  N ‘  f  * ’  ^  d - r
= N *  J V *  J i j  * r  ^
-  ^  S r *  >
1 £tF .  S e i t z ,  T he M o d e m  T h e o ry  o f  S o l i d s  (M c G ra w -H il l  Book C o . ,  
New Y o rk ,  1 9 4 0 ) ,  p .  1 7 4 .
where Tjf =■ / § f  ivp(hx) , N  = ^  •
Hence,
<*> - T r ( r y )  .  r , ( v » vv * ^ X r C '^ v
- X Z , \ 5  w  - £ £ * < • .  .
Thus th e  q u e s t io n  o f  w h e th e r  th e  d i s t r i b u t i o n  f u n c t i o n  i s  s u f f i c i e n t  
o r  w h e th e r  o f f - d i a g o n a l  e lem en ts  o f  th e  d e n s i t y  m a t r ix  m us t be u sed  r e ­
duces  to  a  q u e s t i o n  o f  th e  c h o ic e  o f  r e p r e s e n t a t i o n .  i
■ U n f o r tu n a te ly ,  t h e  c h o ic e  o f  r e p r e s e n t a t i o n  can n o t be made e n t i r e ­
ly  on th e  b a s i s  o f  t h i s  s i m p l i c i t y .  With p la n e  waves th e  m ag n e tic  
1-
f i e l d  has been t r e a t e d  o n ly  a s  a  p e r t u r b a t i o n ,  p r e c lu d in g  s t r o n g  mag­
n e t i c  f i e l d s .  The Landau wave f u n c t i o n s  on th e  o t h e r  hand impose no 
up p e r  l i m i t  on th e  m a g n e tic  f i e l d .
Among p re v io u s  developm ents  t h a t  have u se d  Landau wave f u n c t i o n s ,
s e v e r a l  may be s in g le d  o u t  a s  most p e r t i n e n t  to  th e  p r e s e n t  d i s c u s s i o n .
15The f i r s t  i s  by Z i l 'b e r m a n .  With p r im ary  conce rn  f o r  ga lv an o m ag n e tic  
e f f e c t s ,  he  r e a s o n s  t h a t  w i th  th e  m a g n e tic  f i e l d  i n  t h e  z - d i r e c t i o n  and 
th e  e l e c t r i c  f i e l d  i n  th e  y - d i r e c t i o n  t h e  c u r r e n t  p i e r c i n g  th e  y = 0  
p la n e  i s  equa l  to  th e  n e t  number o f  t r a n s f e r s  p e r  second  th ro u g h  t h i s  
p la n e  m u l t i p l i e d  by th e  ch a rg e  on th e  e l e c t r o n .  T r a n s f e r s  a r e  i n i t i a t ­
ed by a s t r o n g l y  l o c a l i z e d  p o t e n t i a l ,  and th e  p r o b a b i l i t y  o f  th e  e v e n t  
i s  g iv e n  by f ^ C l - f  j )  -  f ^ j C l - f ^ ) ,  where f^  i s  th e  d i s t r i b u t i o n  fu n c ­
t i o n  g iv in g  th e  p r o b a b i l i t y  t h a t  t h e  s t a t e  v  i s  o c c u p ie d ,  ( 1 —f v ) th e  
p r o b a b i l i t y  t h a t  t h a t  s t a t e  i s  v a c a n t ,  and s i m i l a r l y  f o r  t h e  s t a t e  v* .
^ G .  E. Z i l 'b e rm a n ,  S o v ie t  P h y s .—JETP 2^ , 650 (1 9 5 6 ) .
T h e s e  s t a t e s  a r e  o n  o p p o s i t e  s i d e s  o f  t h e  p l a n e .  E ven  w i t h  t h e  a s su m p ­
t i o n  o f  c o n s e r v a t i o n  o f  e n e r g y  i n  t h e  s c a t t e r i n g ,  t h e  o c c u p a t i o n  p r o b ­
a b i l i t i e s  a r e  n o t  t h e  same f o r  b o t h  s t a t e s  b e c a u s e  o f  t h e  e l e c t r i c  
f i e l d .  I n c l u d i n g  a  p o s s i b l e  t e m p e r a t u r e  g r a d i e n t ,  t h i s  c h a n g e  i n  d i s ­
t r i b u t i o n  f u n c t i o n  i s  g i v e n  by
C f  (•»' b \ I sLX + ^  ~|
V  * + I h  I  ->/ d c  J  •
The e q u a t i o n  f o r  t h e  c u r r e n t  e m p lo y in g  t h e s e  c o n c e p t s  i s  s o l v e d  i n  a
f i n a l  fo rm  w i t h  w h ic h  we a g r e e .  H o w ev er ,  t h i s  d i s t r i b u t i o n  f u n c t i o n
16b o o k k e e p in g  s y s t e m ,  f i r s t  u s e d  by T i t e i c a ,  h a s  no s a t i s f a c t o r y  way t o
h a n d l e  t h e  c a r r i e r s  t h a t  f l o w  p e r p e n d i c u l a r l y  t o  t h e  e l e c t r i c  f i e l d .  A
s i m i l a r  s y s t e m  i s  u s e d  b y  A n s e l 'm  a n d  A s k e r o v -^7 f o r  t h e r m a l  phenom ena
w i t h o u t  c o n s i d e r i n g  o s c i l l a t i o n s .
A r g y r e s  h a s  a l s o  u s e d  L andau  w ave f u n c t i o n s  a n d  t h e  d i s t r i b u t i o n
f u n c t i o n  s a t i s f y i n g  a  " B o l t z m a n n - t y p e "  e q u a t i o n  f o r  e l e c t r i c  e f f e c t s
18i n  t h e  d i r e c t i o n  o f  t h e  m a g n e t i c  f i e l d ,  b u t  f o r  c u r r e n t s  t r a n s v e r s e
t o  t h e  m a g n e t i c  f i e l d ,  b o t h  p a r a l l e l  a n d  p e r p e n d i c u l a r  t o  t h e  e l e c t r i c
f i e l d ,  h e  d e v e l o p s  a  t r a n s p o r t  e q u a t i o n  f o r  t h e  e l e m e n t s  o f  t h e  d e n s i t y
19m a t r i x  i n  a  L andau  r e p r e s e n t a t i o n .  He i s  p e c u l i a r l y  i n t e r e s t e d  i n  a
1 6 S . T i t e i c a ,  A nn. P h y s i k  22_, 129 ( 1 9 3 5 ) .
1 7 A. I .  A n s e l 'm  a n d  B. M. A s k e r o v ,  S o v i e t  P h y s . - S o l i d  S t a t e  
P h y s .  2 ,  2060 ( 1 9 6 1 ) .
*8 P .  N. A r g y r e s ,  J .  P h y s .  Chem. S o l i d s  4 ,  19 ( 1 9 5 8 ) .
^ P .  N. A r g y r e s ,  P h y s .  R ev . 1 0 9 , 1115 ( 1 9 5 8 ) ;  1 1 7 , 315 ( 1 9 6 0 ) .
g e n e ra l  t r a n s p o r t  e q u a t io n  and th e  i n f l u e n c e s  o f  th e  e l e c t r i c  and mag­
n e t i c  f i e l d s  on th e  s c a t t e r i n g  i n t e r a c t i o n ,  n o t  a t  a l l  i n  th e rm al phe­
nomena, T h is  same d i s i n t e r e s t  i n  the rm al phenomena i s  c h a r a c t e r i s t i c
20 21 22 o f  works by Kohn and L u t t i n g e r ,  L i f s h i t z ,  and Adams and H o l s t e i n ,
a l l  u s in g  t h e  d e n s i t y  m a t r ix  i n  a Landau r e p r e s e n t a t i o n ,  A Landau r e ­
p r e s e n t a t i o n ,  d e n s i t y  m a t r ix  c a l c u l a t i o n  o f  o s c i l l a t i o n s  o f  t h e  th e rm a l
23c o n d u c t iv i t y  c o e f f i c i e n t s  i s  o u t l i n e d  by A ndreev and K osev ich ,
2 , 2 ,  The D e n s i ty  M a tr ix  4
An e x p la n a t io n  o f  t h e  d e n s i t y  m a t r ix  l e a d s  to  a  d e s c r i p t i o n  o f  how
i t  may be u s e d .  By way o f  i n t r o d u c t i o n ,  how ever, we n o te  t h a t  a l th o u g h
24th e  method i s  f i n d i n g  in c r e a s in g  a p p l i c a t i o n ,  i t  i s  n o t  new, P e i e r l s  
u sed  i t  i n  h i s  c l a s s i c  p a p e r  on d iam agnetism  a s  e a r l y  as  1933 and i t  
was even e a r l i e r  re c o g n iz e d  a s  t h e  c o r r e c t  quantum m e ch an ic a l  fo rm u la ­
t i o n ,  th e  d i s t r i b u t i o n  f u n c t i o n  a n a l y s i s  b e in g  a s im p le r  method to  
which th e  d e n s i t y  m a t r ix  c a l c u l a t i o n  red u ce s  i n  " s im p le "  c a s e s .  But a s  
s low  advances  have been  made a g a i n s t  th e  many i n t r a c t a b l e  s im p le  c a s e s  
i n  t r a n s p o r t  phenomena, th e  power and r i g o r  o f  t h e  d e n s i t y  m a t r ix  ap ­
p ro ach  has  been  som eth ing  o f  a  n e c e s s a ry  r e d i s c o v e r y  by a new genera.-
90 W, Kohn and J ,  M. L u t t i n g e r ,  Phys, Rev, 108, 590 (19 5 7 ) ,
2 1 I .  M. L i f s h i t z ,  S o v ie t  Phys.-JETP 5 , 1227 (1 9 5 7 ) .  5
22  ' E. N, Adams and T. D, H o l s t e i n ,  J ,  Phys, Chem. S o l id s  10 ,
254 (1 9 5 9 ) .
2 ^V. V. Andreev and A. M. K osev ich ,  S o v ie t  P h y s ,—JETP 12,, 517
(19 6 1 ) .
2 4 R. P e i e r l s ,  Z. Phys. 80 763 (1933); 81, 186 (1 9 3 3 ) .
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t i o n  o f  s o l i d  s t a t e  p h y s i c i s t s .  C r e d i t  f o r  e a r l y  d e v e lo p m e n t  a n d  d i s -
25s e m i n a t i o n  o f  t h e  d e n s i t y  m a t r i x  m e th o d  g o e s  t o  v o n  Neumann, a n d  t o
26 27 28 * 29D i r a c ,  W ig n e r ,  W ey l,  T o lm an ; t h e  p r e s e n t  i n t e r e s t  a p p e a r s  t o
30h a v e  b e e n  r e v i v e d  by  W angness  an d  B lo c h ,  a n d  i n  s o l i d  s t a t e  p h y s i c s
31 32 33by  Kohn a n d  L u t t i n g e r ,  L i f s h i t z ,  a n d  A r g y r e s .
C o n c e p t u a l l y ,  t h e  d e n s i t y  m a t r i x  may b e  t h o u g h t  o f  a s  a r i s i n g  
f ro m  a n  a t t e m p t  t o  d e v e l o p  a  quan tum  m e c h a n i c a l  e q u i v a l e n t  o f  t h e  
c l a s s i c a l  L i o u v i l l e  t h e o r e m .  T h a t  a  quan tum  m e c h a n i c a l  d e n s i t y  d o e s  
e x i s t ,  t o  q u o t e  D i r a c ,  " i s  r a t h e r  s u r p r i s i n g  i n  v ie w  o f  t h e  f a c t  t h a t  
p h a s e  s p a c e  h a s  no m e a n in g  i n  quan tum  m e c h a n i c s ,  t h e r e  b e i n g  no p o s s i ­
b i l i t y  o f  a s s i g n i n g  n u m e r i c a l  v a l u e s  s i m u l t a n e o u s l y  t o  t h e  q ' s  an d  
34p * s . "  T h i s  i g n o r a t i o n  o f  t h e  c o m p l e m e n t a r i t y  o f  p o s i t i o n  a n d  momen-
2 ^ J .  v o n  Neumann, G f l t t i n g e r  N a c h r .  245 a n d  273 ( 1 9 2 7 ) .
2 ^ P .  A. M. D i r a c ,  P r o c .  C am b rid g e  P h i l .  S o c .  2j>, 62 ( 1 9 2 9 ) ;  2 6 , 
376 ( 1 9 3 0 ) ;  2 7 ,  240 ( 1 9 3 0 ) .
27 E. W ig n e r ,  P h y s .  R ev . 4 0 ,  749 ( 1 9 3 2 ) .
28 W eyl, £ £ .  c i t . ,  p .  7 8 .  ( T h i s  i s  a  r e p r i n t  o f  t h e  E n g l i s h  
t r a n s l a t i o n  o f  G r u p p e n t h e o r i e  u n d  Q u a n te n m e c h a n ik , 2nd  e d i t i o n ,  1 9 3 0 . )
29 R. C. T o lm an , The P r i n c i p l e s  o f  S t a t i s t i c a l  M e c h a n ic s  (Ox­
f o r d  U n i v e r s i t y  P r e s s ,  L o n d o n ,  1 9 3 8 ) ,  p .  3 2 7 .
■^R. K. W angness  an d  F .  B lo c h ,  P h y s .  R ev .  8 9 ,  728 ( 1 9 5 3 ) .
31 W. Kohn a n d  J .  M. L u t t i n g e r ,  o£ .  c i t .
^ 2 I .  M. L i f s h i t z ,  S o v i e t  P h y s . —JETP _5, 1227 ( 1 9 5 7 ) .
" ^ P .  N. A r g y r e s ,  P h y s .  R ev . 1 0 9 , 1115 ( 1 9 5 8 ) .
3 ^ P .  A. M. D i r a c ,  The P r i n c i p l e s  o f  Quantum M e c h a n ic s  (O x fo rd  
U n i v e r s i t y  P r e s s ,  L o n d o n , 1 9 5 8 ) ,  4 t h  e d . ,  p .  1 3 2 .
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turn when th e  c l a s s i c a l  Boltzmann e q u a t io n  i s  u se d  i n  t r a n s p o r t  th e o ry  
i s  th e  m ost common d e p a r t u r e  from a quantum m echan ica l  t r e a tm e n t ;  i t  i s  
u s u a l l y  r a t i o n a l i z e d  by th e  i n t r o d u c t i o n  o f  w a v e -p a c k e ts .
The r o u te  to  th e  d e n s i t y  m a t r ix  by way o f  c l a s s i c a l  an a lo g y  may be 
shown s im p ly .  Where D ( p ,q , t )  d e n o te s  t h e  d e n s i t y  o f  r e p r e s e n t a t i v e  
p o i n t s  i n  c l a s s i c a l  ph ase  s p a c e ,  t h e  e q u a t io n  o f  c o n t i n u i t y  f o r  a s y s ­
tem o f  N p a r t i c l e s  i s
quantum m ech an ica l  c o u n t e r p a r t ,  - i / f f  t im es  t h e  com m utator, we o b ta in
where jO i s  th e  d e n s i t y  m a t r i x .  This  i s  t h e  c o r r e c t  e q u a t io n  o f  m o tion  
a s  we s h a l l  show, b u t  t h i s  fo rm al r e s u l t  o f  c o u r s e  ig n o re s  th e  q u e s t i o n
to  show t h a t  we can a r r i v e  a t  t h i s  r e s u l t  s t a r t i n g  from b a s i c  quantum 
th e o r y ,  making a s u i t a b l e  d e f i n i t i o n  o f  th e  d e n s i t y  f u n c t i o n .
To show t h i s ,  l e t  be th e  n o rm a l ize d  wave f u n c t i o n  d e s c r ib i n g  
th e  sy s tem . We expand t h i s  i p  i n  te rm s o f  a com ple te  s e t  o f  o r th o n o r ­
mal f u n c t i o n s  a s
L i o u v i l l e ' s  theorem  s t a t e s  t h a t  dD /d t = 0 ,  y i e l d i n g
We may w r i t e  t h i s  i n  te rm s o f  t h e  H am ilto n ian  IV and th e  P o is so n  
b r a c k e t s ,
6  -  { i-f, o } •
Now i f  we f o rm a l ly  r e p l a c e  th e  c l a s s i c a l  P o is so n  b r a c k e t s  by t h e i r
o f  t h e  meaning o f  such a quantum m echan ica l  d e n s i t y ;  i t  rem a ins  f o r  us
Then f o r  t h e  e x p e c t a t i o n  v a l u e  o f  an y  g e n e r a l  o p e r a t o r  (3. ,  we h a v e
< Q >  =  j" V  * Q  &  <±T-
’  E m £ „  <  c M ( < P *  <a. d r
Q *n n )
w h e re  ,
Q„. -  }  <P~ <3 <P. ^  ■
We now d e f i n e  t h e  d e n s i t y  m a t r i x ' b y  i t s  e l e m e n t s :
= C m  .
35W h i le  t h i s  d e f i n i t i o n  i s  n o t  u n i q u e  t o  t h i s  w o r k ,  m o re  commonly t h e
36 37 d e n s i t y  m a t r i x  i s  d e f i n e d  i n  t e r m s  o f  a n  e n s e m b le  o r  g r a n d  e n s e m b le
a v e r a g e  o f  t h e  e x p a n s i o n  c o e f f i c i e n t s ,  u n l e s s  t h e  " p u r e  c a s e "  o f  s t a ­
t i s t i c a l  m e c h a n ic s  i s  i n v o l v e d .  W here i t  i s  n e c e s s a r y  t o  c o n s i d e r  
m ix e d  s y s t e m s ,  t h e  e n s e m b le  a v e r a g e s  a r e  n e e d e d .  B u t o n c e  t h e  w ave 
f u n c t i o n s  f o r  e a c h  s y s t e m  h a v e  b e e n  l a b e l e d  a n d  t h e  d e n s i t y  m a t r i x  d e ­
f i n e d  i n  t e r m s  o f  t h e  e n s e m b le  a v e r a g e s ,  t h e  w o r k in g  fo rm  i s  i d e n t i c a l  
t o  t h a t  we e m p lo y ,  t h e  e n s e m b le  a v e r a g e s  b e i n g  s u p p r e s s e d  i n  t h e  b r o a d ­
e r  d e f i n i t i o n  o f  t h e  d e n s i t y  m a t r i x .  The e a s e  w i t h  w h ic h  t h e  m a n y - p a r -  
t i c l e  a s p e c t s  o f  t h e  p r o b le m  a r e  h a n d l e d  by a  th e o re m  d u e  t o  Kohn an d  
L u t t i n g e r  w h ic h  we s h a l l  d i s c u s s  a t  t h e  e n d  o f  t h i s  s e c t i o n  a p p a r e n t l y  
e l i m i n a t e s  a n y  n e e d  f o r  t h e  e n s e m b le  a v e r a g e s ,  a n d  a n  a l r e a d y  o v e r b u r ­
d e n e d  n o t a t i o n  i n  a  m u l t i p l i c i t y  o f  su m m a tio n s  s u g g e s t s  t h a t  we o m i t
3 3 G. H. W a n n ie r ,  E le m e n ts  o f  S o l i d  S t a t e  T h e o ry  (C a m b r id g e  U n i ­
v e r s i t y  P r e s s ,  C a m b r id g e ,  1 9 5 9 ) ,  p .  2 1 3 .
36 T o lm an , 0 £ .  c i t . , p .  3 2 8 .
3 7 U. F a n o ,  R e v s .  M odern  P h y s .  2 9 ,  74 ( 1 9 5 7 ) .
t h i s  g e n e r a l i z a t i o n .
I t  i s  a p p r o p r i a t e  to  n o te  h e r e  t h a t  p  i s  H erm itean .  This may be 
shown s im p ly : a c„  = ( c *  P n n
We d i g r e s s  f u r t h e r  to  i n d i c a t e  b r i e f l y  th e  s i g n i f i c a n c e  o f  t h e
38d e n s i t y  m a t r ix  e le m e n ts .  We assume t h a t  t h e  Fermi f u n c t i o n ,  f  = 
(expj(£, -  ^ ) /kT ] + 1 ) " * ,  i s  th e  c o r r e c t  quantum s t a t i s t i c a l  d e s c r i p t i o n
o f  o u r  sy s tem , where t h i s  f u n c t i o n  g iv e s  th e  p r o b a b i l i t y  t h a t  a quantum 
s t a t e  o f  energy  £  i s  o c c u p ie d .  But t h i s  p r o b a b i l i t y  o f  occupancy o f  a 
s t a t e  i s  th e  i n t e r p r e t a t i o n  o f  th e  d ia g o n a l  p ro d u c t  c£cn = Jcn J ° f  
t h e  expans ion  c o e f f i c i e n t s .  From t h i s  we i d e n t i f y  t h e  d ia g o n a l  e lem en ts  
o f  th e  d e n s i t y  m a t r ix  w i th  th e  Fermi f u n c t i o n .  The o f f - d i a g o n a l  e l e ­
m ents  have as  u s u a l  a  l e s s  obv ious  i n t e r p r e t a t i o n ;  th e y  a r e  in d ig en o u s  
to  quantum m echanics  and a r e  n o t  a p a r t  o f  t h e  d i s t r i b u t i o n  f u n c t i o n .  
They may be a s s o c i a t e d  w ith  a l i n e a r  com bina tion  o f  wave f u n c t i o n s  o r  
an  ex p an s io n  in  an o r th o g o n a l  s e t .
To r e t u r n  to  th e  e x p e c t a t i o n  v a l u e ,
~ (°r,vy\ Q  yy, n
• . I
= r „  ( p  <3 ) „ '
5 Tr ( p <3 ) *  Tr ( Q /O )  . (2 )
Eq. (2 )  g iv e s  an  im p o r ta n t  r e l a t i o n s h i p  once th e  d e n s i t y  m a t r ix  i s  
known e x p l i c i t l y .  T h is  in fo rm a t io n  may be o b ta in e d  by s o lv in g  th e  e -  
q u a t io n  o f  m o tion  which we now d e v e lo p .
"^E . C. M c lrv in e ,  P h y r .  Rev. 115, 1537 (19 5 9 ) .
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The w ave f u n c t i o n  xp  w i l l  s a t i s f y  t h e  t i m e - d e p e n d e n t  S c h r B d in g e r  
e q u a t i o n  ii* xp = •
I n  o u r  r e p r e s e n t a t i o n  w h e re  V '= c.„ <pn t h e  S c h r B d in g e r  e q u a t i o n  t r a n s ­
fo rm s  t o  i.t» Cm '  E ,  H *  .
K . *  -  (  < t?  ^  <Pt  J r  .w h e re
S i m i l a r l y ,  ifc c m ~ C K
Thus f o r  t h e  d e n s i t y  m a t r i x
cn + Cm c\ i )
- iti c j t ,  + c£v l*j Cn
-  - Z J ' C  c ; c n -v c *  E j < k c K
S i n c e  b o t h  l /  a n d  p  a r e  H e r m i t e a n ,  we may w r i t e  t h i s  a s
~ ~ -^—'0 /OkM )
= - ( t i p - A * * ) '




In  m a t r i x  fo rm  t h i s  i s
A  -  -  i  I  H p I  •
The fo rm  o f  t h i s  d i f f e r e n t i a l  e q u a t i o n  we s h a l l  u s e  t o  s o l v e  f o r  i s
/ ° "  ~ ~  "* Pn h  H i m )  *
The above developm ent ig n o re s  t h e  f a c t  t h a t  t h e r e  a r e  many e l e c -
39t r o n s  in v o lv e d .  The theorem  o f  Kohn and L u t t i n g e r  t r e a t s  t h i s  so 
lo n g  a s  th e  dynam ical i n t e r a c t i o n  o f  th e  e l e c t r o n s  i s  n e g l i g i b l e  and 
th e  P a u l i  p r i n c i p l e  i s  ta k e n  i n t o  acc o u n t  by th e  u s e  o f  F e rm i-D irac  
s t a t i s t i c s  w i th  th e  e q u i l ib r iu m  d e n s i t y  m a t r ix  g iv e n  by p  =
( e x p ^ £ “ 15)/kT ] + 1) They show t h a t :  I f  V (  i s  t h e  system  Hamil­
to n i a n  composed o f  a sum o f  one e l e c t r o n  H am il to n ian s  ft ,  and Q i s  a 
system  o p e r a t o r  composed o f  a  sum o f  one e l e c t r o n  o p e r a t o r s  , th e n  
th e  d e n s i t y  m a t r ix  s a t i s f i e s  th e  e q u a t io n  o f  m o tion  u s in g  th e  one e l e c ­
t r o n  H a m il to n ia n ,  and th e  e x p e c ta t io n  v a lu e  o f  th e  system  o p e r a t o r  
i s  g iv e n  by th e  t r a c e  o f  th e  p ro d u c t  o f  t h e  d e n s i t y  and o p e r a t o r  ma­
t r i c e s .  Thus s p e c i f i c a l l y  f o r  t h e  v e l o c i t y  o p e r a t o r s ,  i f  
and V ■-  £  v . ,  th e n  p  = ^  [ /°»^ ]  > and ~ ^  1°  •
By n o rm a l iz in g  t h e  d e n s i t y  m a t r ix  to  th e  t o t a l  number o f  c a r r i e r s  
Nc ,  t h a t  i s ,  Tr p  = Nc , and a s  a  consequence  o f  t h e  n a t u r e  o f  t h e  v e ­
l o c i t y  o p e r a t o r s ,  we may w r i t e  <v) -  £ Nc < V.  > = Nc <v> = n cA < v > ,
w here n c i s  t h e  number p e r  u n i t  volum e, A  th e  volum e. We a r e  th e n  
l e d  to  th e  c u r r e n t  d e n s i t y  e q u a t io n  j  = -  n c e < v )  = -  *
39W. Kohn and J .  M. L u t t i n g e r ,  ojo. c i t .
CHAPTER I I I  
THE CALCULATIONS
3 . 1 .  O u t l i n e
The d e t a i l s  o f  t h e  c a l c u l a t i o n s  o f  t h e  k i n e t i c  c o e f f i c i e n t s  a r e  
p r e s e n t e d  i n  t h i s  c h a p t e r .  T h i s  i s  t h e  o u t l i n e .
( 1 )  The H a m i l t o n i a n  i s  d e f i n e d  a n d  i t s  m a t r i x  e l e m e n t s  c o m p u te d .
We u s e  l o w e r  c a s e  f o r  t h e  H a m i l t o n i a n  i n  t h i s  c h a p t e r  a s  a  r e m i n d e r  
t h a t  i t  i s  a  o n e  e l e c t r o n  e n e r g y  o p e r a t o r .  F o r  Nc e l e c t r o n s  we a s su m e  
t h e  H a m i l t o n i a n  f o r  t h e  s y s te m  t o  b e  r Nc .  The m a n y - p a r t i c l e
c o m p l i c a t i o n s  a r e  t h e r e b y  c e d e d  t o  t h e  th e o re m  o f  Kohn a n d  L u t t i n g e r .
We c o n t i n u e  t o  u s e  £  a s  a g e n e r i c  sym bol f o r  e n e r g y ,  b u t  m o re  commonly 
i n  t h i s  c h a p t e r  P)vv, o r  f \ vv  o r  a  v a r i a t i o n  s u c h  a s  ( 6 y+ w i l 1  r e ­
p r e s e n t  a  s p e c i f i c  v a l u e  o f  o n e  e l e c t r o n  e n e r g y .
(2 )  The d i f f e r e n t i a l  e q u a t i o n  i n v o l v i n g  t h e  H a m i l t o n i a n  a n d  t h e  
d e n s i t y  m a t r i x  p  i s  s o l v e d  f o r  t h e  d e n s i t y  m a t r i x  e l e m e n t s  /© t •
(3 )  The v e l o c i t y  o p e r a t o r s  a n d  m a t r i x  e l e m e n t s  a r e  c o m p u te d .  The 
sym bol v X, v  w i l l  r e p r e s e n t  a  m a t r i x  e l e m e n t  o f  t h e  x - v e l o c i t y  o p e r a t o r  
v x , f o r  e x a m p le .
Then f o r  t h e  e l e c t r i c  c u r r e n t  d e n s i t y :
( 4 e )  The two p r o d u c t  m a t r i c e s  /Ovx  a n d  |Ov^ a r e  fo rm e d  a n d  t h e i r
t r a c e s  t a k e n  t o  o b t a i n  t h e  e x p e c t a t i o n  v a l u e s  <v*> a n d  4 T >  o f  t h e  
s y s t e m  v e l o c i t i e s .  T h e s e  e x p e c t a t i o n  v a l u e s  a r e  m u l t i p l i e d  by  t h e
e l e c t r o n  c h a r g e  a n d  d i v i d e d  b y  t h e  v o lu m e  t o  g e t  t h e  e l e c t r i c  c u r r e n t
d e n s i t i e s .
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For th e  the rm al c u r r e n t  d e n s i t i e s  th e  " e l e c t r o n  ch a rg e"  i s  r e p l a c ­
ed by th e  " th e rm a l  en e rg y  o f  th e  e l e c t r o n . "  This r e q u i r e s ,  however, 
t h a t  th e  th e r m a l - e n e r g y - t im e s - v e lo c i ty  m a t r i c e s  — th e  " th e rm a l  c u r r e n t  
d e n s i t y  o p e r a t o r "  m a t r i c e s  — be o b ta in e d  b e f o r e  th e  e x p e c t a t i o n  v a lu e s  
a r e  found . Thus:
( 4 t )  The m a t r i c e s  o f  th e  the rm al c u r r e n t  d e n s i t y  o p e r a t o r s  t  and
V X V 'a r e  form ed. Then th e  two p ro d u c t  m a t r i c e s  and f i t '  a r e  formed
and t h e i r  t r a c e s  ta k e n  to  o b t a in  th e  e x p e c t a t i o n  v a lu e s  ^TX^ and ^ T ^  
o f  th e  the rm a l c u r r e n t  d e n s i t y  o p e r a t o r s  f o r  th e  sy s tem . These ex­
p e c t a t i o n  v a lu e s  a r e  d iv id e d  by th e  volume to  g e t  th e  th e rm al c u r r e n t  
d e n s i t i e s .
F i n a l ly :
(5) For b o th  th e  e l e c t r i c  c u r r e n t  and the rm al c u r r e n t  d e n s i t i e s
th e  k i n e t i c  c o e f f i c i e n t s  a r e  i d e n t i f i e d  a s  th e  c o e f f i c i e n t s  o f  th e  e-
l e c t r i c  f o r c e  T ^ (e  ^ ) and o f  t h e  th e rm a l  f o r c e  T ^ (-T  ^7T) upon
which t h e s e  c u r r e n t  d e n s i t i e s  depend. F o llow ing  th e  custom ary  p ra c -  
40t i c e  however we s h a l l  ab so rb  in  th e  k i n e t i c  c o e f f i c i e n t s  th e  f a c t o r  
T  ^ common to  bo th  f o r c e s .
3 . 2 .  The H,am iltonian and th e  E qua t ion  o f  M otion
L e t t h e  t o t a l  H am ilton ian  f o r  one e l e c t r o n  be = A + ^ where 
fl i s  t h e  u n p e r tu rb e d  energy  o p e r a t o r  and ^  i s  t h e  s c a t t e r i n g  o p e r ­
a t o r .  C on ta ined  in  th e  u n p e r tu rb e d  o p e r a t o r  w i l l  be th e  e l e c t r i c  f i e l d
when p r e s e n t ,  and th e  m ag n e tic  f i e l d  which we c o n s id e r  alw ays p r e s e n t :  
C° — — 2n = ( l /2 m ) (p  + eA/c) + eEy. D is c u s s io n  o f  th e  s c a t t e r i n g  o p e r a t o r
^ ° C a l le n ,  o£. e f t . ,  p .  305.
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w i l l  b e  d e f e r r e d  t o  s e c t i o n  3 . 4 .  The d e n s i t y  m a t r i x  i s  known a t  t h i s  
s t a g e  o n ly  from  t h e  e q u a t i o n  o f  m o t io n :
p  ’  £  [ i ° >
- k l r . v ]  ' ■ t i p * ' ' ' ]
"  t  E . . ( A v '  f>"v'V" O  f , v )  *  * H v - i p ’ *" k<V ~ • (3 )
B u t l e t  u s  p r e s e n t  t h i s  d i f f e r e n t i a l  e q u a t i o n  i n  m o re  d e t a i l  b e f o r e  a t ­
t e m p t i n g  t o  s o l v e  f o r  /a .
The u n p e r t u r b e d  o p e r a t o r  i s  d i a g o n a l  i n  o u r  r e p r e s e n t a t i o n ,  f o r
t h e  Landau  w ave f u n c t i o n s  a r e  s t i l l  e x a c t  e i g e n f u n c t i o n s  e v e n  w i t h  a n
r °  2 2e l e c t r i c  f i e l d  p r e s e n t .  The e i g e n v a l u e s  a r e  n „ r = (n+% )ffcoc + ff I  /2m +
2 2 2 r °eEyQ + me E /2H  , w i t h  t h e  l a s t  t e r m  n e g l i g i b l y  s m a l l .  S i n c e  n i s
d i a g o n a l  t h e  o n l y  n o n - v a n i s h i n g  p a r t  i n  t h e  f i r s t  s u m m a tio n  o f  Eq. (3 )  
i s  ^  ( f 3**'  ~  fw * Z3 r v '  ) '
I n  t h e  s e c o n d  suiftm ation we w r i t e  o u t  s e p a r a t e l y  t h e  " s p e c i a l ” c a s e s  
w h e re  v"=v* a n d  v " = v ,  l e a v i n g  a  " d e l e t e d "  sum. We o b t a i n  f o r  /^w t •
~  ( P v v ‘ ^  v V '  -  / ° M r '  )  ( P r v '  ^  v y '  ( °  v ’ r'  )
♦ (  p rv vv P * * '  ) + ^  T ly ,"  ( p * r *   ^v " * '  ~   ^v v " P v ’ v '  ) *
H e re ,  an d  i n  t h e  f o l l o w i n g ,  t h e  p r im e  o n  t h e  s u m m a tio n  s i g n  m eans  t h e
d e l e t i o n  i s  c o m p l e t e ,  t h a t  i s  t h e  su m m a tio n  i n d e x  i s  e x c l u d e d  from
r a n g i n g  o v e r  a n y  o t h e r  i n d e x  o c c u r i n g  i n  t h e  summand. Upon r e g r o u p i n g
t h e  t e r m s  we o b t a i n
p v ^t “ ^  ( fi ~  ^ +  ^** )/°w ' + (P*v P v * ) ^
+ ft C P ^v'V ' ^ vv" P * * v ' )  '
X XIn t ro d u c in g  ifo>v , v -  6 ^ ,  - , we w r i t e
/ V '  = ~ ''u3W'P*v> + ^  f / V  ~ /V v"  ) ^vy'
+ ^ ^ ,y t l  ( fit,YH (ivl’y l~  ('vy I l^y l ly '   ^ '  (4)
This i s  th e  e q u a t io n  t h a t  we must s o lv e  f o r  p .
3 .3 .  S o lu t io n  to  th e  E qua tion  o f  M otion, P a r t  1
In s e e k in g  th e  s o l u t i o n  to  Eq. (4) i t  i s  c o n v en ien t  to  in t ro d u c e  
th e  L ap lace  t r a n s fo rm ,  d e f in e d
£  {/oCU J ~ e * \ H  .
We s h a l l  w r i t e
t  { / ! > ) .  * P
£ { f V }  = Pvy'
£  j = 4^. Pyy> ~ C/°v'f')„ J
where ( a  , )  i s  th e  i n i t i a l  v a lu e  o f  p  , , t h a t  i s ,  (/O , )  =~ w '  o “ w *  * * i w *  o
lim  p  , . Using th e  L ap lace  t r a n s fo rm ,  Eq. (4) becomes ir*0  > vv
A. ~  (p ' fY ’ )0 ® i u Vy + ^  R'V' )  ^
o r ,  t r a n s p o s in g ,
(.<1. + i«V ,') P«. = 4 t  PW' )
■* i  c ; .  (p«* c , .  -  c .  t v ) ■ <5)
Our method o f  s o l u t i o n  o f  t h i s  e q u a t io n ,  a r e l a x a t i o n  m ethod, may 
be o u t l i n e d  a s  f o l lo w s .  We f i r s t  o b ta in  P , from Eq. (5) and c o n s id ­
e r  t h i s  ou r " f i r s t "  s o l u t i o n .  We th e n  s u b s t i t u t e  t h i s ,  changing  P
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t o  P „ a n d  t o  P „ , , i n t o  t h e  su m m a tio n  te rm  o f  Eq. ( 5 )  f o r  a  " s e c o n d "v v  V V
s o l u t i o n .  A m o re  t r a c t a b l e  fo rm  i s  o b t a i n e d  h o w e v e r  i f  b e f o r e  c a r r y i n g  
o u t  t h i s  schem e we f i r s t  a d d  t o  b o t h  s i d e s  o f  Eq . ( 5 )  t h e  te rm  f^ v.t Pv v t* 
T h i s  i s  b e c a u s e  t h e  sum i n  Eq. (5 )  h a s  a n  i m p l i c i t  d e p e n d e n c e  o n  >
so  by  t h e  p r o p e r  c h o i c e  o f  1" ^ ,  i n  t h e  a d d e d  te rm  we may make t h e  r i g h t  
h a n d  s i d e  i n d e p e n d e n t  o f  P . ^ , .  P r o c e e d i n g  i n  t h i s  m a n n e r  we o b t a i n
('4--*- + T ^ ,,) Pt r , " ( P v * ' ) 0 + ( F U  ~ P*V’)
C v - C . p, v )  ♦  C p-  < »
o r ,  d e f i n i n g  + i ^ w '  + ~ ?
p  _ ^  f e v ~  K v  )  f c t v . k l - y  t  T^,. R , . ,
Now u s i n g  t h i s  f i r s t  s o l u t i o n  f o r  t h e  v a l u e s  o f  P i» a n d ^v " v '  *n  t *ie  
su m m a tio n  o f  Eq. ( 6 ) we o b t a i n
_  T-» _  /  \  D  \ / r S  ♦  i  T '  { ( P v *m) o f  r V _
A*,** -  (/'Vv<J )d rY~ * l~r*m ( n.vr" A ^ 'V  y
I r > '  f P r ‘W "  -  Pvv P y y  -  P y» y ^  C S r S
t f - L v "  \  H v ' v '  J ''*v '
I C- *' / 'Ry* lfcrV«t ~  A r ' V  _  P,«y £>>,•« £»✓»'' ~ P » y ' I A >y« 1 \
V A  ^  „ / /  A y * v/  /
_ p  n * v 0 , ^ Y l " r ,> kv**' ~ _  [>,»» R^V*' (l»V~ Pv*V<\
■ r iy -y f  J
L P  / ! » * "  Pv>»" t / r *  f r ' i "  P-" v ' \  ^  T"”1 D
f c A A  --------------------- n +  • ( 7)
We have a g a in  s e p a r a t e d  o u t  th e  s p e c ia l  c a se s  (from L , vm ) •  For r e f e r ­
ence we s h a l l  supp ly  l a b e l s  f o r  th e  term s o f  t h i s  e q u a t io n  by th e  ex­
p r e s s io n
Q  = q  + a  *  * 4
+ 7
' ' * y f  + x  •
We now make th e  assum ption  t h a t  th e  in d iv id u a l  s c a t t e r i n g  m a t r ix
e lem ents  have random, in d e p en d en tly  v a ry in g  p h a s e s .  Some such random
4 1phase  assum ption  i s  to  be found in  s tu d i e s  i n  a s t r o p h y s i c s ,  " plasma
42, 43 44 45 46o s c i l l a t i o n ,  sound, o p t i c s ,  communication th e o ry ,  . . . .  With
t h i s  assum ption  th e  s u p e r p o s i t i o n  o f  any number o f  term s o f  th e  form
p g i v e s  an in c o h e re n t  r e s u l t ,  a background i l l u m i n a t i o n  o r
random n o i s e .  The s ig n a l  i s  to  be found in  th e  c o h e re n t  te rm s o f  th e
^ S .  C handrasekhar,  Revs. Modern Phys. 1_5, 1 (1 9 4 3 ) ,  r e p r i n t e d  
in  N. Wax ( e d . ) ,  S e le c te d  P apers  on Noise and S to c h a s t i c  P ro c e s s e s  
(Dover P u b l i c a t i o n s ,  New York, 1954).
4 9
“D. P in es  and D. Bohm, Phys. Rev. 85, 338 (1952 ) .
43 D. t e r  H aar, I n t r o d u c t io n  to  th e  P h y s ic s  o f  Many- Body Systems 
( I n t e r s c i e n c e  P u b l i s h e r s ,  New York, 1958), p .  113.
44J .  W. S. R ay le ig h ,  The Theory o f  Sound (Dover P u b l i c a t i o n s ,  
New York, 1945), Vol. 1, p .  35. R ay le igh  f i r s t  c o n s id e re d  t h i s  in  
1880; s e e  b ib l io g ra p h y  o f  r e f e r e n c e  41 .
45 'J .  S tro n g ,  Concepts o f  C la s s i c a l  O p tic s  (W. H. Freeman, San
F ra n s c i s c o ,  1958), p .  31.
46 D. M id d le to n ,  An I n t r o d u c t io n  to  S t a t i s t i c a l  Communication 
Theory (McGraw-Hill Book Co., New York, 1960), p a ss im .
fo rm  J f v v l  » a n d  c e r t a i n  r e l a t e d  f o r m s .  We s h a l l  n e g l e c t  t h e  random  
n o i s e  a s  i t  w o u ld  b e  n e g l e c t e d  e x p e r i m e n t a l l y .  A c c o r d i n g l y ,  t e rm s  
7  ,  r ,  - v r ,  a n d  p a r t  o f  tX. o f  t h e  p r e v i o u s  e q u a t i o n  a r e  n e g l i g i ­
b l e .  I f  we d e f i n e
_ i  r '  K  * i'"!
vYf -tX y** V11 V
y - k  r '  J i l i i T  
v ,  n .  „„
t h e  r e m a i n i n g  ( c o h e r e n t )  p a r t  o f  t e rm  t h e n  becom es
"U. ’  X  ( X v  + ■
L e t  us* now s e t
r , .  JL ( Vlv, .  * , „ )  .
T hen  u  + v  = 0 , w h ic h  o f  c o u r s e  w as c o n t r i v e d  b y  o u r  e a r l i e r  a d d i ­
t i o n  o f  X  t o  t h e  e q u a t i o n .  We m u s t  a l s o  i n v e s t i g a t e  t h e  e f f e c t  o f  
t h i s  d e f i n i t i o n  o f  T"lv o n  t h e  o t h e r  t e r m s ,  p a r t i c u l a r l y  W  , w h ic h  
b e f o r e  d e f i n i n g  we a s su m e d  c o n t r i b u t e d  o n l y  n o i s e .
We may now w r i  t e
V  '  { (  • n v. , »  +  — T T ^ T )  H~ ' J
[ p  (  »V"|3 v KVv"l  k y ^ - Vl 1
[ v"v ' \  - f t  yllyll J  J  J
a n d  we s e e  t h a t  t h e  1* f a c t o r s ,  r e s u l t i n g  f ro m  t h e  P . ' s ,  e a c h
h a v e  a  random  p h a s e  m u l t i p l i e r  t h a t  a l l o w s  u s  a g a i n  t o  a s s e r t  t h a t  " v f  
may b e  e x p e c t e d  t o  c o n t r i b u t e  o n l y  n o i s e .  B u t t h i s  w o u ld  l e a v e  u s  w i t h  
t h e  b a r r e n  r e s u l t  q > =  c p  *  a . .  L e t  u s  l o o k  f o r  c o h e r e n c y  m o re  
c a r e f u l l y .
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I t  w i l l  be r e c a l l e d  t h a t  v r e p r e s e n t s  k , n ,  J?• So f a r  we have 
c o n s id e re d  o n ly  " l o c k - s t e p "  v a r i a t i o n s  i n  k ,  n ,  R. There  i s  no p h y s i ­
c a l  n e c e s s i t y  f o r  t h i s .  L e t  u s  i n v e s t i g a t e  a  r e p r e s e n t a t i v e  o f  th e  
more g e n e ra l  c a se  which we s h a l l  s p e c i f y  a s  v* = v ,  where k '  = k ,
R1 = R, n '  n .  Eq. (7 )  th e n  becomes
n  p =. („  ~ \  + i  f v  _ p + i  r '  (fa*'/')ofv'y fi’v"frw-IA
1  /  Pvy  - f i y  P y y  -  R - v » \  r s  , - s
V '  ^ y r “ l ”  v f  ^ v ” ?  _  Ty'V ^ y y ^ P y ?  ~Pr7 l ^ . y " )  ' j
■t|X^ V * \  ^ - y y "  ' D - v " y  /
I r *7 p /  /Hylu£*»*r1' Ply.” PyV 'liy*? ~ kyy*1 ^yV” R-^y
f l  Y Tn v* y
t n '  /Pry” Pyy” P v '?  _  Y y y o Y 'v  + P  D
f i Z - v - L  n .v *  r t y - 7  I  "  V*
Once a g a in ,  by o u r  assu m p tio n  o f  random p h ases  we would e x p ec t  t h e  
c o h e re n t  c o n t r i b u t i o n s  to  come from th e  | £ * . P  te rm s i n  lA. , a l th o u g h  
th e s e  te rm s a r e  a p p a r e n t ly  c a n c e l l e d  by th e  X  te rm , P.pr , a s  be­
f o r e .  Here
"^yy * L (^yy + ^Vy) " Tyv
I A ^ l 1
» * *  i r . • f V ?
v~ = K Y•yy L , yi,
I f i V v - l '
vv
\
B ut i t  i s  a t  t h i s  p o i n t  t h a t  we m u s t  lo o k  m o re  c l o s e l y  f o r  c o h e r e n c y .  
We f i n d  i n  p a r t i c u l a r  t h a t  te rm
c—f  I r - \  * / P y ' V 11 P y y    P g y  P  v  " y "  \  f *  f 1 ^
J  ~  1 -^ H "  \  v J  * *  *  V
c o n t a i n s  a  c o h e r e n t  p a r t .  T h i s  i s  t h e  f i r s t  t r i p l e  su m m a tio n  i n  t h e  
r e a r r a n g e m e n t
—  1 t f v y "  P y 'V  W 1 \
~  d y y "  A  v "<? J
i IV c*' S ' * " *  -  p  ^  - y' " 7  1
- i  P „ £ U ~ ~ r w  i w  J (8 )
We s h a l l  t r e a t  t h i s  t e rm  i n  d e t a i l  a f t e r  f i r s t  d i s p o s i n g  o f  t h e  l a s t ,  
b r a c k e t e d  t e r m .  T h i s  l a s t  te rm  v a n i s h e s  a f t e r  t h e  i n t e g r a t i o n  o v e r  y 
w h ic h  we s u b s t i t u t e  f o r  t h e  su m m a tio n  o v e r  k M. But t o  show  t h i s  we 
n e e d  t h e  s c a t t e r i n g  m a t r i x  e l e m e n t s  i n  d e t a i l .
it
o
3 . 4 .  The S c a t t e r i n g  M a t r i x  E le m e n ts
The lo w  t e m p e r a t u r e s  t o  w h ic h  we l i m i t  t h i s  t r e a t m e n t  h e l p  make 
r e a s o n a b l e  t h e  a s s u m p t i o n  t h a t  t h e  s c a t t e r i n g  i n t e r a c t i o n  i s  b e tw e e n  
t h e  e l e c t r o n s  a n d  n e u t r a l  p o i n t  i m p e r f e c t i o n s  s p a r s e l y  a n d  ra n d o m ly  
l o c a t e d  t h r o u g h o u t  t h e  c r y s t a l .  We f u r t h e r  s u p p o s e  t h a t  t h e  s c a t t e r i n g  
p o t e n t i a l  o f  o n e  i m p e r f e c t i o n  i s  s t r o n g l y  l o c a l i z e d  t o  a  r e g i o n  o f  a -  
to m ic  d im e n s i o n s  a n d  c a n  b e  w r i t t e n  U. = U ( r - r . ) . ^  The s c a t t e r i n g  
o p e r a t o r  we w r i t e  a s  n » t h e  s c a t t e r i n g  m a t r i x  e l e m e n t s  a s
U(>■ - n ) V ' y ' ( r )  d r  .
47.R. E. P e i e r l s ,  Quantum T h e o ry  o f  S o l i d s  (O x fo rd  U n i v e r s i t y  
P r e s s ,  L o n d o n ,  1 9 5 5 ) ,  p .  1 1 8 .
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We may approx im ate  t h i s  i n t e g r a l  by o b se rv in g  t h a t  s in c e  th e  Xp ' s  a r e  
b u t  s low ly  v a ry in g  f u n c t io n s  o f  p o s i t i o n  compared w i th  th e  s c a t t e r i n g  
p o t e n t i a l  we may in c lu d e  t h e i r  c o n t r i b u t i o n  by e v a lu a t in g  them a t  r^  
o u t s id e  th e  i n t e g r a l .  We th e n  have
= y  L i W w  v v A ) , (9)
where
The ran g e  over which v a r i e s  a p p r e c ia b ly  i n  bo th  th e  x -an d  y - d i r e c -
t i o n s  i s  s e e n  from Eq. (1) to  be o f  th e  o r d e r  o f  oc which i s  approx­
im a te ly  800 A f o r  H = 1 k i l o g a u s s .  An e s t im a te  u s in g  th e  e f f e c t i v e  
mass and Fermi l e v e l  f o r  b ism uth g iv e s  a range  o f  ap p ro x im a te ly  50 A in  
th e  z - d i r e c t i o n .  These a r e  to  be compared w ith  n e a r e s t  n e ig h b o r  d i s ­
ta n c e s  o f  th e  o rd e r  o f  3 A.
Should we approx im ate  th e  random d i s t r i b u t i o n  o f  s c a t t e r i n g  c e n te r s  
by a uniform  d i s t r i b u t i o n  — an u n p r o f i t a b l e  o v e r s i m p l i f i c a t i o n  — th e  
sum m igh t be r e p r e s e n te d  by an i n t e g r a l
£ 1V\fO,)^,Cn> -  j V f n )  ,
where th e  number of s c a t t e r i n g  c e n t e r s  p e r  u n i t  volume i s  sym bolized  by 
N /A  • But th e n  from th e  o r th o n o rm a l i ty  o f  th e  wave f u n c t i o n s ,
I W  '  A  W  • (10>
and th e  o f f - d ia g o n a l  e lem en ts  would be z e ro .
The o f f - d ia g o n a l  e lem en ts  a r e  sm all b u t  n o t  z e ro .  To r e c o v e r  them 
we i n s e r t  in to  Eq. (9) th e  wave f u n c t io n s  i n  th e  form
where
= 7 = -  7 = -
H „ [ ^  ( / - * ) ]  ■
We o b t a i n
A m a j o r  s i m p l i f i c a t i o n  c a n  b e  e f f e c t e d  i f  we o b s e r v e  t h a t  t h e s e  
m a t r i x  e l e m e n t s  make i m p o r t a n t  c o n t r i b u t i o n s  o n l y  i n  c o m b i n a t i o n s  o f  
t h e  fo rm
The d o u b l e  sum may b e  n e g l e c t e d  i n  v ie w  o f  t h e  random  p h a s e  a s s u m p t i o n .  
The f i r s t  sum a l s o  v a n i s h e s  e x c e p t  i n  t h e  c a s e s  w h ic h  we h a v e  d e s i g n a t ­
ed  a s  v* = v ,  a n d  v* = v .  I n  t h e  c a s e  v* = v ,
R e p l a c i n g  t h e  sum by  a n  i n t e g r a l  d o e s  n o t  l e a d  t h i s  t i m e  t o  z e r o .  The 
i n t e g r a t i o n  i s  d i f f i c u l t  b u t  i t  i s  n o t  n e c e s s a r y .  The i n t e g r a t i o n  a p ­
p e a r s  i n  t h e  c a l c u l a t i o n s  — a s  i t  s t a n d s  h e r e  o r  w i t h  a n o t h e r  f u n c t i o n  
o f  y a n d  y ”  — o n l y  i n  c o n n e c t i o n  w i t h  a n  i n t e g r a l  i o n  o v e r  y ” • T hen  we 
e f f e c t  t h e  t r a n s f o r m a t i o n
W ith  a  c h a n g e  o f  t h e  l i m i t s  o f  i n t e g r a t i o n  t o  -oo  a n d  + oo we o b t a i n
1 .
H e n c e ,
f  4 v ( r - y o * )  < $ * • » ' •
L. L% / L* I
? -  y -y o , = y - y ” , J a c o b i a n  = 1 .
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,CO f t*  1 1 1
l ^ y ~ i o )  n "  t o * ( * ’ * ' )  d / /  =
= ( < M ? )  < tv f t)< *$  • f f c C y )  dy j  ,
But t h i s  i s  zero' s i n c e  n  = n* i s  s p e c i f i c a l l y  fo rb id d e n  f o r  v* = v .
We have gone c o n s id e r a b ly  beyond th e  e v a l u a t i o n  o f  t h e  m a t r ix  e l e ­
m ents  and t h i s  z e ro  does n o t  a p p ly  to  th e  m a t r ix  e lem en ts  th e m se lv e s .
But t h i s  i s  j u s t  th e  r e s u l t  needed in  th e  l a s t  s e c t i o n .
One o t h e r  c a s e  a r i s e s ,  t h i s  t im e  n o n -z e ro ,  and a g a in  n o t  a  c a l c u ­
l a t i o n  o f  t h e  m a t r ix  e lem en ts  th e m s e lv e s .  The f a c t o r  ( y -y ” ) a p p e a r s .  
T h is  o c c u rs  in  th e  n o n -v a n is h in g  p a r t  o f  J  and th e  c a l c u l a t i o n s  ap p ea r  
in  th e  n e x t  s e c t i o n .
We make a f u r t h e r  im p o r ta n t  d i g r e s s i o n  to  O bserve t h a t  d e s p i t e  th e
n o t a t i o n ,  fi v» v» i s  in d e p en d en t o f  v ” . P ro o f :  In  g e n e r a l ,  from Eq.
r s Ns p rJ Ns 9
(1 0 ) ,  h vy/ = W -j^- o vv/ . So r’v 'v "  = W -j^- t t h i s  i s  o f  c o u r s e  i n ­
dependen t o f  v ,f .
3 . 5 .  S o lu t i o n  to  th e  E qua t ion  o f  M otion , P a r t  2 
We r e t u r n  to  E q .(  8 ) :
We have seen  t h a t  th e  l a s t  b r a c k e te d  term  v a n i s h e s .  The f i r s t  term
d i f f e r s  from t h i s  v a n i s h in g  term  by th e  s u b s c r i p t s  o f  th e  P - f a c t o r .
L e t  u s  assume t h a t  th e  P „ „ a r e  f u n c t io n s  o f  k" o r  y" • We r e p r e s e n t
V  V  o
t h i s  by a T ay lo r  s e r i e s  expans ion  ab o u t yQ w hich we assume we may g iv e  
w i th  s u f f i c i e n t  a c c u ra c y  by th e  f i r s t  two te rm s:
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W  -  ( p . - , . ) *  *  ■
A f  I V  f r  f t v . "  f i v ' Cr  / p   ^ ,  f t ( i  .■■g' ( v   ^ ]
7 -   A>>.~  ( K " " - h '  r v . . v-  l ^ y . J
■* K ' v - f c - i  / jB y \  < , ( ^ _ ^ v  ( — t" ) Os'- /<•) \  ■
£ \  vv*< \  <Jy<, //« V ^Y °  Vo J
The b r a c k e t e d  t e rm s  v a n i s h ,  i n  t h e  sum m ation , o v e r  kH, by t h e  i d e n t i c a l
c a l c u l a t i o n  f o r  t h e  b r a c k e t e d  te rm  o f  Eq. ( 8 ) .
Now we r e p l a c e  t h e  su m m a tio n  o v e r  k M b y  a n  i n t e g r a t i o n  o v e r  y£ ,
a n d  d e f i n e  Q ^ )  r  T  *  ( V  „ J e ' ^  H„ ( ? )  .
T hen  we c a l c u l a t e  t h e  n u m e r a t o r s  by
.X^,, f v ' f  ( > * - / . )  = «6 j j p  J  G*.,. f i W  O 4" ' / * )  ■=V*
&  U * N i  
2 *L
a ir
■ 0^ ; / / <UO e.. (h c  <7 ) c ? - ■?) J5
r  r r r  |  S- ©„ 0r) <*5 •
Lj ^
• f & ( i ) i  J
-  M r -  — V  ( ^  ^  ]  •
We h a v e  m ade u s e  o f  t h e  o r t h o n o r m a l i t y  o f  t h e  8 ' s  a n d  t h e  f a c t  t h a t  t h e  
l a s t  i n t e g r a t i o n  i s  o f  a n  o d d  i n t e g r a n d .  T h e r e f o r e
7 - 1- * I , T O T  ( * •  '< ■ ■ ■ r -  M ( ^ l '
(We r e t a i n  th e  index  v (= k, n ,  J? ) b u t  i t  shou ld  be n o te d  t h a t  t h e  k-
t
dependence has been ta k e n  c a r e  o f . )  . ■
To e v a lu a te  th e  sum o v e r  J?” we a g a in  r e p la c e  th e  summation by an 
i n t e g r a t i o n
th e  f a c t o r  2 ta k in g  in t o  acc o u n t both  th e  p lu s  and minus v a lu e s  of 
For conven ience ,  we f u r t h e r  t r a n s fo rm  from momentum to  en e rg y ,  accom­
p l i s h e d  a s  f o l lo w s .
From
we o b ta in
S° t h a t    ,
= { ^ 1 % I V -  (*'*h ) * J
o r
F u r th e r ,  a s  shown i n  Appendix I ,  th e  sum o v e r  n" may be ex p re s se d  
by th e  P o is so n  summation fo rm u la ,  so t h a t
So
1 ■  [ i  r o i S ,  h
'*V‘
o r
7 =  A  j l / C v  ( f l v ^ + l l v '?  } ( l y /  )y<> ^  ;
t31
w h e re
a  r -L ^  i i
L V- *ir\5 V*‘ L,Lx Ls ’
a n d  5 J F ” “ *-
z ^ ’" '  * x „ .  *  x . . .
ti oJc
T h i s  u n w ie l d y  i n t e g r a l  dem ands a p p r o x i m a t i o n .  We c o n c e n t r a t e  v e r ­
b a l  a t t e n t i o n  h e n c e f o r t h  o n  t h e  w "  t e r m s ;  t h e  v " v  t e rm s  f o l l o w  by a  
c h a n g e  o f  i n d i c e s .
F i r s t  we a s s e r t  t h a t  t h e  v a r i a t i o n  i n  t h e  f a c t o r  
i s  r a p i d  enough  t o  p e r m i t  t r e a t i n g  t h e  s l o w l y  v a r y i n g  ^  Pi* a s  a  
c o n s t a n t ,  e v a l u a t e d  o u t s i d e  t h e  i n t e g r a l  a s  vv • S e c o n d ,  we r e ­
c a l l  t h a t
r_i_ .  _ i_ ) . ____!_____  + — — =— •
vv" -^v" v J Ar + + ^  „H A  +■ i * Vy '^Y
S i n c e  we a r e  i n t e r e s t e d  i n  t h e  t  -*■ co b e h a v i o r  we a r e  i n t e r e s t e d  i n  t h e
0 b e h a v i o r .  N e g l e c t i n g  -d. we h a v e
f  I > \  ~ itJv'v* Tv*v  -  i c j y " y
\  -^ v '~  J P i -  '* C"* 7 +
T h u s ,
7  . A  f a  ^  { V R .  [ % , •  ( p l ^
♦ I k .  { % ■ * ' ( w b J 1u •■ '■ ] ■
X XC h a n g in g  t h e  v a r i a b l e  o f  i n t e g r a t i o n  t o  K w  „ (= a n d
Xr e c o g n i z i n g  t h a t  s i n c e  t h e  sum i s  o v e r  v "  r a t h e r  t h a n  v ,  d  f iy y  = 0 , we 
o b t a i n
7 « ti A ( f ^ <  ’  -f* >*«:»-.) | 7 c  ^
*  ' I f o l v f f i s r ,  *x -  I d ( ‘  " ’■r )
• jTs— f  _ _ _ _ ^ L r l2L.--------* ¥ « »  ( ^ T Z ~ ^ )  d O 5^ * ? ) }  * (1 1 )
- 1 ^  j  j V f  1 >  J ( J
These i n t e g r a t i o n s  s t i l l  d e fy  p e rfo rm a n ce .  There i s  s t r o n g  co n v e r­
gence however and we impose th e  c o n d i t io n s  o f  a t  l e a s t  m o d e ra te ly  h ig h  
m a g n e tic  f i e l d s  and long  t im es  o f  r e l a x a t i o n .  Then ff may be con­
s id e r e d  a sm all  q u a n t i t y .  We c o n s id e r  t h e r e f o r e  a f u n c t i o n
11 h lrv* + n £Orv>' 
a s  If F  „ -*• 0 and K to .. -*■ 0 .  We n o te  f i r s t  t h a tW "  w
y  AffclyyW  ^ ) = | .
Then r e w r i t i n g  A  a s
A TTtl r vv. | + fc’cj^yv^/^p 1 ,
we s e e  t h a t  f o r  tfcu „ = 0 , A  t e n d s  t o  i n f i n i t y  a s  If P  „ -*■ 0 , w h i lew  w  ’
f o r  Ifeo „ t  0 ,  A  goes to  z e r o .  This  i s  th e  d e s c r i p t i o n  o f  a D irac  




f t t  CJy„« ) <^ (fr Cj *rw*f ) dOfetOyyA) = f (0 )  .
y-ao
7 -  ( 4 H *  ^  I ) -  <12>
Only th e  p o s i t i v e  i n t e g r a l s  o f  Eq. (11) c o n t r i b u t e  to  Eq. ( 1 2 ) ;  t h e  neg ­
a t i v e  ( im ag in a ry )  i n t e g r a l s  a r e  o f  odd f u n c t i o n s  and hence  z e r o .  (flT .. ..
1 v "v"
may be shown to  be an  even f u n c t i o n  o f  ffco „ by r e p l a c i n g  b y . fw y ,
s i n c e  we h a v e  shown i n  t h e  p r e v i o u s  s e c t i o n  t h a t  ft v"v* i s  i n d e p e n d e n t  
o f  v " v " ,  t h e n  s u b s t i t u t i n g  f o r  $\Vv ~  ; may a l s o  b e
shown t o  b e  e v e n  b y  a  s i m i l a r  s e t  o f  s u b s t i t u t i o n s  i n  t h e  e x p l i c i t  e x ­
p r e s s i o n  f o r  ^ d e v e l o p e d  i n  A p p e n d ix  I I . )
We now s a y  t h a t  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  i s  u n a f f e c t e d  b y  c o l ­
l i s i o n  b r o a d e n i n g  a n d  t a k e  t h e  e q u i l i b r i u m  d i s t r i b u t i o n  t o  b e  g i v e n  by 
t h e  Ferm i f u n c t i o n  f ,  w h e re
r v
f  =* [ e ~ t T T  + I J
w i t h  £, t h e  u n p e r t u r b e d  e n e r g y  • Whence
/ c)Py*v* )  „  f  3  Py~ y N _ J _  ^  £
I  6yo". ) y .  \  S t f  )y0 A  * / •
F o r  p u r e l y  t y p o g r a p h i c a l  r e a s o n s  we s h a l l  c o n t i n u e  t o  w r i t e  u n t i  1
t h e  e x p l i c i t  fo rm  i s  n e e d e d  i n  t h e  n e x t  s e c t i o n ;  t h e  d e t a i l e d  m a n i p u l a ­
t i o n s  a r e  c o n s i g n e d  t o  A p p e n d ix  I I .
We a r e  now i n  a  p o s i t i o n  t o  s o l v e  f o r  / O ^ i  • The t r a n s f o r m  o f  
fO i s  ( f )  -  Cp + 0 ^ .  * "T )
A„, P.y - ( / * " ■ ) . - >  * 7 .
The m i d d l e  te rm  o n  t h e  r i g h t  h an d  s i d e ,  £ y » we P e r “
e m p t o r i l y  l a b e l  " n o i s e ” — p e r h a p s  t h e  " d . c . "  co m p o n en t a s  o p p o s e d  t o  
t h e  " a . c . "  co m p o n en t e n c o u n t e r e d  i n  o t h e r  t e r m s .  We s h a l l  n e g l e c t  t h i s  
a s  a n  e x p e r i m e n t e r  w o u ld  s u b t r a c t  o f f  i n s t r u m e n t a l  d r i f t .  Then  w r i t i n g
— i ~  t
7  *■ X  7  , j x
_ J _ _______ _________
r .„ ,  *  ------------------- -— =; + T
» y
The i n v e r s e  L a p l a c e  t r a n s f o r m  i s
-    /  \ — ' y  t  I ^
w h e re  a  = i<Ow , + T ^ ,  •
F o r  lo n g  t i m e s  — s t e a d y  s t a t e  —
34
r i * ^  4yyf " i Cjy V' 'Y . .
/ ° w '  -  “ 7  J  > (13)p  , + « 0 , /I yv# rr
* = 7T fc A 6 ^ 1 n^'n+.+ ^  4  V i) j -/ ^  #,"irvv + /fijr- ,"n~- j  —  • (14)
where
3 .6 .  The V e lo c i ty  O p e ra to rs  and M a tr ix  Elem ents
We s h a l l  need  th e  v e l o c i t y  m a t r ix  e lem en ts  and , f i r s t ,  th e  v e l o c ­
i t y  o p e r a t o r s .  The x - v e l o c i t y  o p e r a t o r  i s  found by th e  s ta n d a r d  quan­
tum m ech an ica l  p r e s c r i p t i o n :
d x /d t  = vX = i / S  j^ Pi, x j  + ^ x / d t  ,
o r ,  s in c e  x does n o t  depend e x p l i c i t l y  on t ,
vX = i / S  [ft, x] •
H ere , [  , ] s i g n i f i e s  t h e  com mutator, and th e  H am il to n ian  w ith  e l e c ­
t r i c  f i e l d  i s  ft = ( l /2 m ) (p  + eA /c)^  + eEy, w i th  A = (-Hy, 0 ,  0) and 
E = (0 ,  E, 0 ) .  The r e s u l t  i s  •
vx  = ( l / m ) ( p x - eHy/c) .
Our wave f u n c t io n  i s
dix i iz
^  e - f  <Ty-y.) ;
2 2where yQ = ftck/eH -  me E/eH . Then,
. V v  = jT
= i  JV* ^  T/v j * *  (Y-/•) Vb dr -  y0 f e *  ^  dr
= ~  4 v  -  - ^ S vV + i f  < W  •
2 2We have  made th e  s u b s t i t u t i o n s  y = (y -y Q) + yQ and yQ = Sck/eH -  me E/eH ,
a n d  h a v e  r e c o g n i z e d  t h e  o r t h o n o r m a l i t y  o f  t h e  Thus
v v - •
C h a n g in g  v a r i a b l e  f ro m  ( y - y Q) t o  [V*<y-y0>] , a n d  w r i t i n g  o u t  t h e  * s
x  _ c E r  -  eH _J_ ( a~/’R ) ^  t f  i ( r - » ' ) x  i£ i -> t ')z
Vv ' v  H v v me *   ^ ^  l-.Lj '  S
A g a in  i n  v ie w  o f  t h e  o r t h o n o r m a l i t y ,
x  _ c E f  eH | ^  f  “/• )* '
Vv *v  H 'r' r me cL ( 2 " m’! n '•)^  J
H „ . h *  O z - ) !  .
L e t t i n g  - /»  ( y - y „ )  = ?  ,
48Then  e m p lo y in g  a  r e c u r r e n c e  f o r m u l a  f o r  t h e  H e r m i t e  p o l y n o m i a l s ,  
t h e  p r e c e d i n g  i n t e g r a l
J  • ' *  H„. ( j H ' H ,  ( ? ) < ! *  -  I  / * ' % « . „ < * ?  ♦
||a| I ^
_ ^rr  2 " («■*))! i n V t i ^ V ^  I  .
T h u s ,
VX, = <^vV " ~  7= =  T /n ^ i  + Vm" <$*»*,»»-1 j  .v * v  H v v me ■/£* L J J
I n t r o d u c i n g  * <5 <5*^  anc* = &nJr>~\ an<* r e c a l l i n g  t h a t
/  Q
R, H, A t k i n ,  M a th e m a t i c s  a n d  Wave M e c h a n ic s  ( J o h n  W i le y  an d  
S o n s ,  New Y o rk ,  1 9 5 6 ) ,  p .  1 2 7 .
49 H. M argenau  a n d  G. M. M urphy , The M a th e m a t i c s  o f  P h y s i c s  a n d  
C h e m is t r y  (D. Van N o s t r a n d ,  New Y o rk ,  1 9 5 6 ) ,  2nd  e d . , p .  1 2 4 .
x _ c E 
vv*v ” H * VS <**■*.] j  (15 )
where th e  f a c t o r  H/ |H| has been in t ro d u c e d  to  keep t r a c k  o f  th e  s ig n .  
For v y we have d y / d t  = 0 ,  and th e  y - v e l o c i t y  o p e r a to r  becomes
vy = (S/im)(<^/c)y) = ( l / m ) ( p y) .
A c a l c u l a t i o n  s i m i l a r  to  th e  p re c e d in g  th e n  g iv e s
vy , = i  -/S L C r V ^ i ^ v'y+ ~ /n  ^rW- 1 . v*v * I  w *• J
3 .7 .  The X - E le c t r ic  C u rren t  D en s i ty ;
For th e  e x p e c ta t io n  v a lu e  o f  th e  x - v e l o c i t y  
( V  )  = T r (p v * )
- H v ( P ' ' * ) yy
-  L v L vf e Yy' Vy‘v
We found in  s e c t i o n  3 .5  th e  form o f  th e  d e n s i t y  m a t r ix  e lem en ts  we need:
f * " '  *  $  * * * ( * * W ■
The x - v e l o c i t y  m a t r ix  e lem ents  found i n  th e  p re v io u s  s e c t i o n  were 
vv fv = T T  ” liS (V*uT ) •
•  * JL W
Thus
< V ’>  = cf  *
. rr^-iov,'] ( j f ~ + J f t i l *ir^l J £
I i  w  , u  v r  ‘ W  d/°
In  o r d e r  to  l a b e l  th e  term s we w r i t e  t h i s  e q u a t io n  w ith  an obv ious 
d i v i s i o n :  }  -  ( , V X)  + ^ 2V )  •
The c o n t r i b u t i o n  o f  t h e  d i a g o n a l  <.v> p a r t  t o  t h e  e x p e c t a t i o n  v a l u e  
o f  t h e  v e l o c i t y  i s
r-v t E _ r  _ c E
t4 H v ,  -  — n- 1  ?
s i n c e  t h e  t r a c e  o f  t h e  d e n s i t y  m a t r i x  i s  N .c
F o r  t h e  much m o re  i n v o l v e d  c o n t r i b u t i o n  o f  t h e  n o n - d i a g o n a l  
t o  t h e  e x p e c t a t i o n  v a l u e  t h e  d o u b le  su m m a tio n  a l l o w s  a  c o m p re s ­
s i o n  to
<,v*> { f c X *  C . X 4  £  (& f
-  X  ■ U 6 )
i n d i c a t e s  t h e  r e a l  p a r t ;  v + s i g n i f i e s  k ,  n + 1 ,  J? ; an d  i n  Eq. (1 6 )  
we h a v e  s u p p r e s s e d  an y  d i f f e r e n c e  b e tw e e n  a n d  ^ v + y+ .  T h i s  s u p ­
p r e s s i o n  we j u s t i f y  by o b s e r v i n g  t h a t
+ ’ “  ( 1 7 )
and
s o  t h a t
s i n c e
R v ,  -  (m ' "  ’  ( 1 8 )
R V . -
v y
S i m i l a r l y ,
. VI /— W  -■ IT r  k d c o J M ] > K y " +  , £\ «%- 
) + 2  f fit, ( l + *<y f c X )  ^
F o r  r e f e r e n c e  we n o t e  ( h e r e ,  b e c a u s e  i t  c a n  b e  r e a d i l y  s e e n  b y  s u b t r a c t ­
i n g  Eq. ( 1 8 )  f ro m  Eq. ( 1 7 ) )  t h a t  o j vv+= - w t ; s e e  a l s o  s e c t i o n  3 . 2 .
As a  r e s u l t  o f  t h e  t r a n s f o r m a t i o n  t o  e n e r g y  t h a t  we h a v e  e f f e c t e d ,  
t h e  d e v e lo p m e n t  i s  e x p e d i t e d  i f  b e f o r e  c a r r y i n g  o u t  t h e  su m m a tio n s  o v e r
38
k, n ,  J? i n  Eq. (16) we f i r s t  red u ce  th e  f a c t o r  to  a  f u n c t io n  o f
energy  o n ly .  By d e f i n i t i o n
r = Vv »  * Vy.v
_ i _ P  + ) _ y  l k v . v»l______ 9
~ a, ■+ w»"^+ n.»v+ f
and n e g le c t i n g  ,
■y -iL + lW yy» + T^v-,
1 tO yv n 1
v T J  *V* V*
' ic o ^ v " | fi *.*•'/*■
v- r 1- +1 yy« -r 6J
| ^  Pit" \ l w \  _ \
A u s e f u l  form i s
n p  k  r
K U + = v - Z , , *  ’
o b ta in e d  by n e g le c t in g  th e  d i f f e r e n c e  between and 6 v*v" and between 
th e  a s s o c i a t e d  c o ' s  and P ' s .  We a l s o  n o te  th e  c o n t in u e d  f r a c t i o n  
c h a r a c t e r  of FL,,. : . . .
I C I *
= l bi  + L y  ----------------------- >1
* ft } t—
« «
i» ^ r« r*
+ ^ Z v «
H andling Fyr+ in  c lo s e d  r a t h e r  th a n  co n t in u e d  form i s  e q u iv a le n t  to  th e  
ap p ro x im atio n  o f  r e p r e s e n t in g  a co n t in u ed  f r a c t i o n  by co n v e rg e n ts  o f  
o rd e r  no h ig h e r  th a n  th e  second . This  seems a good a p p ro x im a tio n  s in c e  
Pv»v i s  g e n e r a l ly  much l e s s  th a n
I t  can r e a d i l y  be seen  from th e  c a l c u l a t i o n s  o f  th e  s c a t t e r i n g  
m a t r ix  e lem ents  t h a t
w z N,
( ^ ^ 1 * ” -  T V p 'f i f C ( y > >  4V '(y - /o* )  d y e 
S 1 3  ^
I f  we now perform  th e  summation over  k" a s  an  i n t e g r a t i o n
£ « • • • •  - *  l i f i l i i  (■■■ d * ‘ >
th e n  p
I
L * L „ »  | f 7
^ 1  — f
fee.I ZV J*
Iltlll -
" 4  i f  I t  \  f c ^ 7 . )  ^ U y ' y W y J y :  .
But i f  p i  + » i s  a  s u f f i c i e n t l y  w eak f u n c t i o n  o f  t h e  v a r i a b l e  y M
v ''v+  v+ J J o
we may s e g r e g a t e  t h i s  f u n c t i o n  an d  w r i t e
PV’*\
Then s i n c e
/ j  <P» $ » "  d Y *  = I ,
i t  f o l l o w s  t h a t
_ £  eH _L_ W'j KJ p  p  Pt-v*___
K  ^  ~ * *  h e  3lV  Lxt ^ L \  P v 'r+ + 60*y/» y +
We s h a l l  c o n s i d e r  t h i s  v a l i d  i f  no d e p e n d e n c e  o n  y ” a p p e a r s  i n  t h e  f i n a l  
s o l u t i o n  f o r  P^vr+ *
F o r t h e  s u m m a tio n s  o v e r  we r e v e r t  t o  t h e  p r e v i o u s  c h a n g e s ,  u s e d  
i n  s e c t i o n  3 . 5 ,  f ro m  s u m m a tio n  t o  i n t e g r a t i o n  a n d  from  momentum t o  
e n e r g y .  Thus
p  p  r * m*  a 1  ( I *  f  r    .
ryl„ P  Z n  Z  1 * X J /j j*  -  ( n + &)fc6Jc
T hen  u s i n g  t h e  P o i s s o n  su m m a tio n  f o r m u l a ,
Pv* ✓+ /  r  0
vV, + 4 0  v*'/,
w h e re
1 2  W’X l s^ e  W L, 2-1-3 *
G  = *«= i , r  1 , r  z  7  * J
F o r  a n  i n t e g r a t i o n  o f  t h i s  fo rm  i n  s e c t i o n  3 . 5  we a r g u e d  t h a t  Vfi*"." 
c o u l d  b e  e v a l u a t e d  a s  Vf)yy o u t s i d e  t h e  i n t e g r a l  a n d  t h a t  t h e  r e m a i n i n g  
i n t e g r a l  c o u l d  b e  c o n s i d e r e d  a  D i r a c  d e l t a  f u n c t i o n .  R e p e a t i n g ,  we o b ­
t a i n  t h e  d e s i r e d  e x p r e s s i o n :  _  ,----
r „ . - i * 6 C X  ■ ( 1 9 )
We o b s e r v e  t h a t  t h e r e  i s  no d e p e n d e n c e  o f  P**,. o n  Yq «
To r e t u r n  t o  t h e  c a l c u l a t i o n  o f  t h e  e x p e c t a t i o n  v a l u e  o f  t h e  v e ­




<,v*> - b £ > * i) { /c  X } -3
B - - + n * A  jjj G '
For X  k*'* we u s e  l j el B r f f t o d y  • But t h e r e  i s  now no f u n c t io n  of 
k ,  so becomes —  ~~ .
For £ ^ « “ * we a g a in  change to  an i n t e g r a l  and from momentum to  
en e rg y .  This l e a d s  to  th e  new, ty p e  2 P o issq n  summation r e s u l t s  o f  Ap­
p en d ix  I ,
T ^ > ‘ i ‘ 1  w - « . ) 4 , y 7  ( i j j (
J . *-rr
° a '
We o b ta in  t h e  f i n a l  r e s u l t s  a f t e r  an i n t e g r a t i o n  o v e r  energy :
O O  * i f r  £  <*«.
.[V  + ( c - m ' V ] sec^ iir- > (20)
where
C J_ o £jLl 1 /IE J . 1 eH L.lj. #
-  ~  4 *T °  Z7T X V **■ J  KC X7T
^  ^
In  th e  second e q u a t io n  above we have w r i t t e n  o u t  th e  f a c t o r  ,11^
a s  developed  in  Appendix I  and th e  f a c t o r  J p  as  developed  in  Appendix
I I .
The a lg e b ra  i s  lo n g ,  bu t  th e  i n t e g r a t i o n  can be done w ith  th e  a id  
o f  a p p r o p r i a t e  t a b l e s .  We o u t l i n e  th e  p r o c e s s .  Expanding Eq. (2 0 ) ,
41
+
Zt r  Vv T
*  ^f (r 'v ) jVo^o^-n s'=l,> "w- dfi‘-
v  l l r ( T - ' 7 IT ) ^ ( ( f i « ) l C C - ' : )
. r  seek- r " V - . .
Y>r v. /  2 *
Then l e t t - i n g
fit, -  Tw = 2 k r
W h T
a  = W  ’
2 i r ^ '5  tt
b = T I 3 7 ~  i  *
e x p a n d in g
( C ,  )* -  O t “  * 'S >*■
by t h e  b i n o m i a l  e x p a n s i o n  r e t a i n i n g  p o w e rs  o f  w no g r e a t e r  t h a n  t h e  
f i r s t ,  a n d  u t i l i z i n g  t h e  t r i g o n o m e t r i c  i d e n t i t y
COJ^HW + b )  =  Co s ( i l w ) co y  b — s m ( f t w )  51* b
( 2 1 )
we o b t a i n :
( jO  -  c . V, Y I
+ J N T  f J/i j 1'  " ' '*"'
+ 7 V^ t J c  p  i i l ^ c o s  b 'J* f  c o s ( u . w )  S<scKx,
2 - /F  u j *  *
w  d  W
w dw
1 41 *^  7 7
7 -/jTcJt p  ± ! i * »
-Lv 7 7
7 -fyuic0  (-1 /) ------- si
jl-tz L., 47
U T C T ‘ V , T  | .
^  J
v  secli w
7 r
a v t ^  &
T  ^z-Sz 2- v  77
7 r
2 VT 1/ 7 7
7 P  111/  
* V 72 7 2




The f i r s t ,  t h i r d ,  f i f t h ,  s e v e n th ,  n i n t h ,  and e l e v e n th  i n t e g r a l s  
y i e l d  to  th e  t ra n s fo rm  te c h n iq u e  and a r e  g iv e n  in  Appendix I I I ;  th e  
o t h e r s ,  whose in te g ra n d s  a r e  odd f u n c t io n s  o f  w, v a n i s h .
H ence
<VO = c o * )  + -ttP cost> aD)
-  < « > ]
+ Z * T C T - ' V y T { s k T  «■ b (1F}
7 - / w  v -^ r ^  Sm b ^IE)
-  7 7 r  * ^  *
w h e re  (L A ) ,  ( I B ) ,  . . .  a r e  t h e  l a b e l e d  i n t e g r a l s  o f  t h e  T a b l e  o f  I n t e ­
g r a l s ,  A p p e n d ix  I I I .
As d e v e l o p e d  i n  s e c t i o n  2 . 2 ,
e < V ^ >
J. “  -  ~ ’
w h i l e  i n  t e r m s  o f  t h e  k i n e t i c  c o e f f i c i e n t s
J t -  • • • L n  "*■ ■*" i-,5- C~T Vjr"T) + • . . .
H e n c e ,  w i t h  Ar ( X ) t h e  h y p e r b o l i c  a m p l i t u d e  f u n c t i o n s  o f  A p p e n d ix  I I I
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where th e  c a r r i e r  d e n s i t y  i s  g iven  by
and th e  t r a n s i t i o n  p r o b a b i l i t y  by
2 tt / 2 *» wli
T1 = X  "  4**- ( J J  ‘
3 .8 .  The X-Thermal C u rren t  D en s ity ;
In  th e  I n t r o d u c t io n ,  Chapter I ,  and in  th e  o u t l i n e  o f  t h i s  c h a p te r
in  s e c t i o n  3 .1  i t  was p o in te d  o u t  t h a t  th e  therm al f l u x  must be w r i t t e n
in  th e  form [ ( £ . -  ‘ v e l o c i t y ]  . In  th e  n o t a t i o n  o f  t h i s  c h a p te r  t h i s  
i s  -£(lvK- Y ) ‘ V ] .  But t h i s  p ro d u c t  o f  th e rm a l - e n e r g y - t im e s -v e lo c i ty  
must be formed b e fo re  th e  i n t e g r a t i o n  o ver  ene rgy ,  r a t h e r  th a n  sim ply 
m u l t ip ly in g  (6*v - ^ ) t im es  <v’> , to  ta k e  in t o  accoun t t h e  f a c t  t h a t  
th e .e n e r g y  i s  n o t  a c o n s ta n t .  Thus to  f i n d  th e  x - th e rm a l  c u r r e n t  den­
s i t y  we r e t u r n  to  Eq. (21) f o r  and add a s  a p a r t  o f  th e  in te g ra n d
th e  f a c t o r  “ *> ) ‘ This  g iv e s  an  e q u a t io n  f o r  what we c a l l  th e  ex­
p e c t a t i o n  v a lu e  ^Tx ^  o f  th e  x - th e rm a l  c u r r e n t  d e n s i t y  o p e r a t o r  f o r  
th e  system , T .
We shou ld  a l s o  ta k e  in t o  accoun t th e  p o s s i b i l i t y  t h a t  th e  energy  
o p e r a to r  and th e  v e l o c i t y  o p e r a to r  do n o t  commute. That th e y  do n o t  
may be seen  by comparing th e  two m a t r ix  e lem en ts  (vx ft* ) vy> and'(Pi* » “) /, 
remembering t h a t  ft* i s  d ia g o n a l :
= i j y *  Vvv" ^V*y' &v"v' “ Vyyt ft v'y/
w h ile
(d  V*)vv' ~ Z v ;/ ^ nf" ^ I'y •
L a t e r  i n  t h i s  s e c t i o n  we s h a l l  b e  i n t e r e s t e d  i n  t h e  c a s e  w h e re  y 1 = v+ , 
a n d  we saw i n  t h e  p r e v i o u s  s e c t i o n  t h a t  But t h e r e  we
w e re  f o r c e d  by  t h e  a w k w a rd n e ss  o f  t h e  e x p r e s s i o n  t o  s u p p r e s s  t h e  d i f f e r ­
e n c e  b e tw e e n  a n d  £ '  v . We s h a l l  c o n t i n u e  t h i s  s u p p r e s s i o n ,  r a t h e r
t h a n  i n t r o d u c e  a  s y m m e t r i z e d  o p e r a t o r  o f  t h e  fo rm  t X=%[vx(^»“'J) ♦ ~T) v ]»
w i t h  t h e  a s s e r t i o n  t h a t  t h e  t e rm s  t h a t  may b e  s u p p r e s s e d  a r e  no m ore  
s i g n i f i c a n t  t h a n  o t h e r s  we n e g le c t . " * ^ ’-
I t  s h o u l d  b e  p o i n t e d  o u t  i n  t h i s  c o n n e c t i o n  t h a t  t h e  e x p r e s s i o n s  
d e v e l o p e d  f o r  t h e  k i n e t i c  c o e f f i c i e n t s  a r e  n o t  d e f i n i t i v e .  A d d i t i o n a l  
t e rm s  a r i s e ,  f o r  e x a m p le ,  i f  s m a l l e r  t e rm s  o f  t h e  b i n o m i a l  e x p a n s i o n s  
a r e  u s e d  a n d  i f  h i g h e r  o r d e r  t e rm s  i n  t h e  P o i s s o n  s u m m a tio n s  a r e  i n c l u d ­
e d .  A r b i t r a r i l y  t h r e e  t e r m s  a r e  r e p o r t e d  f o r  e a c h  c o e f f i c i e n t .
From Eq. ( 2 1 )  w i t h  t h e  a d d e d  f a c t o r  ( f ) we h a v e  f o r  t h e  e x ­
p e c t a t i o n  v a l u e  o f  t h e  x - t h e r m a l - e n e r g y - t i m e s - v e l o c i t y  o p e r a t o r
< T ‘> = a s - {7,1
O
vy
♦ A t  ^  (coa(c- t )2 «• ( r ^ t r )
Then u s i n g  t h e  v a r i a b l e s  w, u ,  a n d  b ,  t h e  b i n o m i a l  e x p a n s i o n s ,  a n d  t h e  
t r i g o n o m e t r i c  i d e n t i t i e s  o f  t h e  p r e v i o u s  L j ^ -  a n d  L ^ ^ - c a l c u l a t i o n s ,  we 
o b t a i n
" ^ A n d re e v  a n d  K o s e v ic h ,  o p .  c i t . 
^ A n s e l . 'm  a n d  A s k e r o v ,  o £ .  c i t .
w  secli*’-*' dw
+ 7-V^««jfc ^ ^ - |-  ^  ^j= =  c o s  b  j ' w i  co s (m -w ). s e c K ^ w  d w
7-/fetje *1 p  Q )  COS b f  W COf (w.w) s e c b ‘ w ivv
2 V r  i A . v r  j
7 Vfcg)c »5LT' sim b fw jm (sw )  Secl^w dw
2 / r  > A . V 7  j  •
__ ^  faT V P  SIM b f\V x sm(vtvv) secbA w” dw
2- [£  J J
■+ C lK T f  C T ' ‘7y T • k '
+ 5 b T  p /a- | w 3 s e c b Zv/ d tv
•+ 7 Y3- P  C=r- cos b fw ^co sC u w )  se.cJ»i'w' d w
i J Y  )
+ ~ZT^ T  C0Jl ^ f W * Cos( u w )  *e c ^ * v  dw
_ 7-/fefaj« 4 kT t P -^ 7=- Si*} b f w 3 Jin(u^) i e t ^ w  dw  
2VT '  ^  )
_ Tj^^c ^  ^  ^0. Sm b J v x 5 in(«.w) secdi1 w d v  |  «
The' f i r s t ,  t h i r d ,  f i f t h ,  s e v e n th ,  n i n t h ,  and e le v e n th  i n t e g r a l s  a r e
g iv e n  i n  Appendix I I I ;  th e  o t h e r s  v a n i s h .
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Thus
<T*} = 2 kT C Yy 15kT } 3/* ( I D )
* 2 ^  W  5 £ os b ( i f )
7 ^ *  ^ S r  *"* b ( i c ) ]
2 v r
+ (2H7)a c T ' , 7yr 1 $**■ ( r e )
7-/feZ7e w * ! '  COS b ( I F )
2 v T  ^  Vw
7 ' f k Z .
2  vrP  ■*'•’ t  f r < 3 ) }
F o r  t h e  x - t h e r m a l  c u r r e n t  d e n s i t y  we h a v e
„  .  ^ T “>  
J *  - ~ A ~  >
w h i l e  a l s o
j *  ~ * * • ^  k  (e ~ ' Yy $ )  +  . .  . *■ L * s  5 y 7 )  +■ # #
H ence
51TX c W ) X ryF1 f
 ^ h t r % ^ ;  j= 6
_ 2 i v r  . ^ 5 v ? r  £ T A a c* )  s . „  b
J O T 2 k T  * - + ’<* 3




i s  th e  k i n e t i c  c o e f f i c i e n t  we so u g h t ;  L ^  i s  l a g n ia p p e .  By 
th e  O nsager b r id g e L4 2 ^  “  L24^"H^ ; from th e  Pa r i t y L24^"H  ^ = -L2 4 ^ ’ 
by th e  i s o t r o p y  -L^^CH) = L^^(H). We sh o u ld  th u s  have e x p e c te d  to
be i d e n t i c a l  to  which we c a l c u l a t e d  e a r l i e r .  I t  i s .
3 . 9 .  The Y - E le c t r i c  and Y-Thermal C u rren t  D e n s i t i e s ;  » ^ 2 5 ’ ^55
For th e  k i n e t i c  c o e f f i c i e n t s  a s s o c i a t e d  w ith  t h e  y - e l e c t r i c  and y -  
the rm al c u r r e n t  d e n s i t i e s  th e  developm ent p ro c e e d s  a lo n g  l i n e s  ana logous  
to  t h a t  o f  t h e  x c u r r e n t  d e n s i t i e s  developm ent.
The y - v e l o c i t y  m a t r ix  e lem en ts  a r e  r e q u i r e d  and th e s e  a r e
Then
49
w h e re  c P  d e n o t e s  t h e  im a g i n a r y  p a r t .  W here p r e v i o u s l y  t h e  k ey  was t h e  
r e a l  p a r t ,  i t  i s  now t h e  im a g i n a r y  p a r t .  O t h e r w i s e  n o t h i n g  s i g n i f i c a n t ­
l y  d i f f e r e n t  f ro m  t h e  x - c a l c u l a t i o n  a p p e a r s .  W i th o u t  f u r t h e r  c o m p u ta ­
t i o n a l  d i s p l a y  t h e r e f o r e  we g i v e  t h e  r e s u l t s .
L -  -  -  W- P  -  /  iL,* m *n* . - .* i »mzx
c f  nc P  (
*  r x + o j*  ^
5 V I  VuT. p  < -iV  A 
e / p  ^  V7 * ( } Cc,s
8 -------- ^37T  L r T z  A , a )  <-» b j
1 = _  AIL* _® nc7> (
i s  3 ^ 5  r l+ cot* £  »
I j t v i  '/SZT.-/T o  ( - 0
8 i r x kT Z ,  { 7  A 5,11 b
*  4 5  &  & * * '■  r  A  / w  l  )
+ 8tr* i f  L „  7 7  A 0 0  coS h  J  *
1 _  i l  f t 7 ) i  /
L sy 3 *« F V c J ta [  '
J 5 / I  7fc^« P  M ) V A /  > ,
7 1 F  - T f L ,  v T  cos b
4 5 -V I *T O  f - i ) \  .  )




COMPARISONS WITH PREVIOUS THEORY AND WITH EXPERIMENT
4 . 1 .  Comparison w i th  W i ls o n 's  Theory , N o n - o s c i l l a to r y
In  th e  c a l c u l a t i o n s  o f  C hap ter  I I I  th e  c o n d i t i o n  cot T »  I o r  wt >^p
r e s t r i c t s  t h e  e s t a b l i s h e d  v a l i d i t y  o f  th e  r e s u l t s  to  r e l a t i v e l y  h igh  
m a g n e tic  f i e l d s  and long  t im es  o f  r e l a x a t i o n .  An a t te m p t  to  c o n s id e r  
th e  d e r iv e d  te rm s a t  low f i e l d s  c a l l s  f o r  a rem in d er  o f  th e s e  l i m i t a ­
t i o n s .  However f o r  th e  n o n - o s c i l l a t o r y  te rm s t h i s  i s  undu ly  r e s t r i c ­
t i v e  and we s h a l l  f i n d  agreem ent between a l l  b u t  a p a r t  o f  two o f  o u r
n o n - o s c i l l a t o r y  te rm s and th o s e  d e r iv e d  by W ilson  f o r  low f i e l d s .
52For one band W ilson g iv e s  f o r  th e  i s o th e rm a l  e l e c t r i c  c o n d u c t iv -
th e  e l e c t r o n i c  en e rg y .  The i n t e g r a l s  "can  be e v a lu a te d  to  any d e s i r e d  
a c c u r a c y ,"  b u t  to  keep th e  c o m p l ic a t io n  to  a minimum W ilson  c o n f in e s  
a t t e n t i o n  to  a h ig h ly  d e g e n e ra te  gas  and expands th e  i n t e g r a l s  i n  powers 
o f  kT /^  , s to p p in g  a t  th e  f i r s t  term  which g iv e s  a n o n -v a n is h in g  r e s u l t .
52A. H. W ilson , The Theory o f  M e ta ls  (Cambridge U n iv e r s i t y  
P r e s s ,  New York, 1953),  2nd e d . ,  p .  212.




6 rl aw here oC = ■&-% T  i s  t h e  r e l a x a t i o n  t im e ,  f  th e  Fermi f u n c t i o n ,  and c- tic* o ’
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C a l l i n g  t h e s e  te rm s  i n s i d e  t h e  b r a c e s  i  , h e  w r i t e sn
(  'I )
a n d  o b t a i n s  f o r  t h e  l o n g i t u d i n a l  c a s e s  (n  = 1 ,  2 ,  3)
h r  1
a n d  f o r  t h e  t r a n s v e r s e  c a s e s  (n  = 4 ,  5 ,  6 )
CZr»
Thus
C u > .  = ' JL ^ /  **» 01, C S )
E x p r e s s i n g  t h e  num ber o f  c a r r i e r s  a s
I /  ^  ** v»
h c »  J T F M -*1 ) *




I t  i s  c o n v e n i e n t  h e r e  t o  i n t r o d u c e  t h e  c o n c e p t  o f  " s a t u r a t i o n  f i e l d , "
H, * and write
n< m  c 1
° * x = t (M * *  Mj )
O ur n o n - o s c i l l a t o r y  t e r m  i n  ^ 2 2 * when c a s t  i n t o  t h i s  f o rm ,  i s  i d e n t i c a l
S im i la r ly
« t » c H
° ’'1  = + H." ’
, ^
and th e  two n o n - o s c i l l a t o r y  term s in  ou r  L10, Wc e  ^ —-!  -  n*^-C- ,
1 2  H M
may be shown to  be th e  same as  t h i s .
The o t h e r  c o e f f i c i e n t s  d e r iv e d  h e re  a l s o  show e x a c t  agreem ent w i th  
th e  m onotonic te rm s computed by W ils o n 's  fo rm u las  w ith  two im p o r ta n t  
e x c e p t io n s ,  and L ^ .  W i ls o n 's  fo rm ulas  p roduce  te rm s com parable to  
th e  n cec/H term i n  our  d e r i v a t i o n  does n o t .  These te rm s a r e  to
be exp ec ted  and t h e i r  absence  i s  s e r io u s :  W ithout th e s e  term s th e  co­
e f f i c i e n t s  and e x p e r ie n c e  a z e r o - f i e l d  c a t a s t r o p h e .  The remedy 
i s  n o t  known.
A f u r t h e r ,  c rude  com parison may. be made by a com puta tion  o f  th e  
L o ren tz  number, z  -  < a t ,  where H. i s  ou r  <r ou r  L^ • The common
r e s u l t  i s  Z.  = (TT2 / 3 ) ( k / e ) 2.
To a s say  th e  s i g n i f i c a n c e  o f  th e  agreem ent t h a t  does e x i s t  f o r  th e  
most p a r t  we o b se rv e  t h a t  W i ls o n 's  work i s  based  s t r i c t l y  on th e  B o l t z ­
mann e q u a t io n  whose d e r i v a t i o n  b reak s  down when cjct becomes a s  l a r g e  as  
53u n i t y  and when th e  t im e  o f  r e l a x a t i o n  becomes d i f f i c u l t  to  d e f in e  a t  
54low te m p e ra tu re s .  This d e n s i t y  m a t r ix  c a l c u l a t i o n  i s  l i m i t e d  to  low 
te m p e ra tu re s  bu t  p la c e s  l i t t l e  r e s t r i c t i o n  on w cr  f o r  th e  n o n - o s c i l l a ­
to r y  te rm s .  Thus agreem ent s u g g e s ts  v a l i d  r e s u l t s  o v e r  an  ex tended  
range  o f  f i e l d  and te m p e ra tu re .
53 I b i d . ,  p .  210; c o n t r a d i c t i o n :  R. G. Chambers, The Fermi Sur­
f a c e , e d i t e d  by W. A. H a r r is o n  and M. B. Webb (John Wiley and Sons, New 
York, 1960),  p .  100.
"^W ilson , op.  c i t . , p .  221.
4 . 2 .  C o m p a r is o n  w i t h  Z i l , b e rm a n , s T h e o ry ,  O s c i l l a t o r y
The o s c i l l a t o r y  t e r m s  o f  t h e  c o e f f i c i e n t s  L ^ 2  anc* ^25* ^ ° r  t *i e  e " 
l e c t r i c  c u r r e n t  d e n s i t i e s  i n  t h e  common d i r e c t i o n  o f  t h e  e l e c t r i c  an d  
t h e r m a l  f i e l d s ,  a r e  e s s e n t i a l l y  t h e  sam e a s  t h o s e  fo u n d  by  Z i l ’ b e rm a n "^  
u s i n g  t h e  d i s t r i b u t i o n  f u n c t i o n .  Z i l ’ b e rm a n ’ s  r e s u l t s ,  h o w e v e r ,  c o n ­
t a i n  f u r t h e r  s i m p l i f i c a t i o n s .  I n  p l a c e  o f  o u r  A^(X) h e  h a s  2 X e  , an d  
i n  p l a c e  o f  o u r  A^CX), 2 e * (1 -  A ) .  T h i s  i s  r e a s o n a b l e  o n l y  f o r
l a r g e  X , a  c o n d i t i o n  w h ic h  i s  q u e s t i o n a b l e  f o r  b i s m u t h  a n d  e s p e c i a l l y
56f o r  z i n c  a t  low  t e m p e r a t u r e s  a n d  h i g h  m a g n e t i c  f i e l d s .  He a l s o  r e ­
t a i n s  o n l y  t h e  ^  “  1 t e r m s .
The L^,- o s c i l l a t o r y  t e r m ,  f o r  t h e  t h e r m a l  c u r r e n t  d e n s i t y  i n  t h e  
d i r e c t i o n  common to  t h e  e l e c t r i c  a n d  t o  t h e  t h e r m a l  f i e l d s ,  i s  i n  a g r e e ­
m e n t  w i t h  s u c h  a  te rm  com pu ted  by  t h e  a u t h o r ’ s  e x t e n s i o n  o f  Z i l ’ b e rm a n ’ s 
m e th o d .  T h a t  e x t e n s i o n  s t a r t e d  w i t h  Z i l ’ b e rm a n ’ s  Eq. ( 2 5 )  w h ic h  g i v e s  
t h e  s u m m a tio n s  a n d  i n t e g r a t i o n s  t o  b e  p e r f o r m e d  t o  y i e l d  t h e  e l e c t r i c  
c u r r e n t  i n  t h e  common d i r e c t i o n  o f  t h e  e l e c t r i c  a n d  t h e r m a l  f i e l d s .
T h i s  e q u a t i o n  w as m o d i f i e d  t o  g i v e  t h e  t h e r m a l  c u r r e n t  by r e p l a c i n g  t h e  
c h a r g e  e by t h e  t h e r m a l  e n e r g y  (£. - ^ ) .  The r e s u l t i n g  su m m a tio n s  a n d  
i n t e g r a t i o n s  w e re  t h e n  p e r f o r m e d .  N e i t h e r  t h e  t e r m s  c a l c u l a t e d  i n  t h i s  
m a n n e r  n o r  any  c o m p u t a t i o n a l  d e t a i l s  a r e  p r e s e n t e d ;  a s  s t a t e d ,  t h e  r e ­
s u l t s  a r e  e s s e n t i a l l y  t h e  sam e a s  t h o s e  o b t a i n e d  by t h e  d e n s i t y  m a t r i x  
c a l c u l a t i o n .
Z i l* b e r m a n * s  d i s t r i b u t i o n  f u n c t i o n  m e th o d  i s  p o w e r l e s s  t o  com p u te  
t h e  c o m p o n e n ts  o f  e i t h e r  e l e c t r i c  o r  t h e r m a l  c u r r e n t  d e n s i t i e s  p e r p e n -
" ^ Z i l * b e r m a n ,  0 £ .  c i t .
”^ C .  G. G r e n i e r ,  p r i v a t e  c o m m u n ic a t io n .
d i c u l a r  to  th e  e l e c t r i c  f i e l d s  so no com parisons w i th  o u r  L^2 , and
L , c can be made.45 ■
4 . 3 .  Comparison w i th  L o u is ia n a  S t a t e  U n iv e r s i t y  E xper im en ta l  D ata ,  
O s c i l l a t o r y
The e x p e r im e n ta l  d a ta  u sed  i n  t h i s  com parison  were o b ta in e d  a t
57 58 59 ■L o u is ia n a  S t a t e  U n iv e r s i t y  by B ergeron , S y b e r t ,  and Zebouni.
T h e i r  m easurem ents  w ere on b ism uth  and z in c  and a l l  o f  t h e i r  p r e c i s e  
d a t a  p e r t i n e n t  to  t h i s  work have been  u s e d ,  r e l a b e l l e d  and a d j u s t e d  
w here n e c e s s a r y  to  conform to  th e  te rm in o lo g y  o f  t h i s . c a l c u l a t i o n .  In  
p a r t i c u l a r ,  OJ, o f  S y b e r t ' s  work i s  h e r e  te rm ed  L2 2  (we assumed L ^  = 
L2 2  b u t  had e l e c t e d  to  c a l c u l a t e  L22) .  The c o e f f i c i e n t  o f  B e rg e ro n 's  
work and S y b e r t ' s  work i s  h e r e  term ed L^2. In  Z e b o u n i 's  w o r k € ," i s  r e ­
p o r t e d ;  T e £  i s  h e r e  te rm ed  L15, w here T i s  th e  a b s o lu t e  te m p e ra tu r e  a t  
which th e  r e p o r t e d  was m easured . A .c o r re s p o n d in g  d i f f e r e n c e  i n  a 
f a c t o r  o f  T sh o u ld  be n o te d  i n  t h e  "G" (= -7T) o f  t h e s e  t h r e e  d i s s e r t a ­
t i o n s  and o u r  ^ & (= “ T ^7T).
Each t h e o r e t i c a l  L i s  composed o f  s e v e r a l  te rm s o f  d i f f e r i n g  mag­
n i t u d e s .  In  th e  com parisons made h e re  on ly  t h e  l a r g e s t ,  te rm s a r e  an a ­
ly z e d .  We u s e  th e  n o t a t i o n  | l ^ 2| , , and |L22j to  r e p r e s e n t  th e
a m p li tu d e s  o f  th e  l a r g e s t  o s c i l l a t o r y  te rm s i n  t h e  e x p r e s s io n s  f o r  th e
5 7 C. J .  B e rge ron ,  D i s s e r t a t i o n ,  L o u i s i a n a  S t a t e  U n i v e r s i t y ,  1959 
(u n p u b l i s h e d ) .
58J .  R. S y b e r t ,  D i s s e r t a t i o n ,  L o u is ia n a  S t a t e  U n i v e r s i t y ,  1960 
(u n p u b l i s h e d ) .
59 N. H. Zebouni, D i s s e r t a t i o n ,  L o u is ia n a  S t a t e  U n i v e r s i t y ,  1961 
(u n p u b l i s h e d ) .
c o r r e s p o n d i n g  L ' s .  We c o n s i d e r  o n l y  t h e  " f u n d a m e n t a l , "  t h a t  i s ,  ^  = 1 
i n  e a c h  o f  t h e s e .
T h i s  c o m p a r i s o n  show s t h e  f o l l o w i n g  f e a t u r e s .
The P e r i o d  o f  O s c i l l a t i o n :
The e x p e r i m e n t a l  c o e f f i c i e n t s  a r e  p e r i o d i c  i n  H t h e  d e r i v e d  c o ­
e f f i c i e n t s  a r e  p e r i o d i c  i n  H \  t h e  o r i g i n  o f  t h e  o s c i l l a t i o n s  b e i n g  
t h e  o s c i l l a t i o n s  i n  t h e  d e n s i t y  o f  s t a t e s .  T h i s  p e r i o d i c i t y  o f  t h i s  
o r i g i n  i s  c h a r a c t e r i s t i c  o f  t h e  d e  H a a s - v a n  A lp h e n  f a m i l y  o f  e f f e c t s ,  
m a g n e t o r e s i s t a n c e  a n d  H a l l  f o r  e x a m p le ;  a l l  h a v e  t h e  same p e r i o d .
The T e m p e r a tu r e  D e p e n d e n c e :
F o r  z i n c  t h e  t e m p e r a t u r e  d e p e n d e n c e  i s  r e l a t i v e l y  s i m p l e .  Due t o  
t h e  s m a l l  e f f e c t i v e  m a s s ,  A i s  q u i t e  s m a l l  i n  t h e  e x p e r i m e n t a l  f i e l d
•’"v-r
r a n g e  a n d  t h e  h y p e r b o l i c  a m p l i t u d e  f u n c t i o n  A2 (A) f o r  iL j^ l * s a p p r o x ­
i m a t e l y  u n i t y  a l m o s t  i n d e p e n d e n t  o f  t e m p e r a t u r e  f ro m ,  s a y  2 °  t o  4 °K .
We t h u s  p r e d i c t  iL j^ l  o f  z i n c  t o  b e  a l m o s t  i n d e p e n d e n t  o f  t e m p e r a t u r e ,  
i n  a g r e e m e n t  w i t h  o b s e r v a t i o n s .  On t h e  o t h e r  h a n d ,  iL j^ l  s h o u l d  b e  a l ­
m o s t  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  t e m p e r a t u r e  s i n c e  t h e  h y p e r b o l i c  am­
p l i t u d e  f u n c t i o n  A^CA). f o r  t h i s  c o e f f i c i e n t  may b e  a p p r o x i m a t e d  by  -X /3  
f o r  s m a l l  X , b e c o m in g  z e r o  i n  t h e  l i m i t  A = 0 .  E x p e r i m e n t a l l y  
f o r  z i n c  i ^  f o u n d  t o  b e  a l m o s t  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  t e m p e r a t u r e  
i n  t h e  2° t o  4°K r a n g e .
F o r  b i s m u t h  t h e  t e m p e r a t u r e  d e p e n d e n c e  i s  m o re  c o m p l i c a t e d  s i n c e  
d u e  t o  t h e  l a r g e r  e f f e c t i v e  m a ss  t h e  l i m i t i n g  v a l u e s  o f  A2 (A) a n d  A^(X) 
a r e  n o t  a t t a i n e d  i n  t h e  e x p e r i m e n t a l  f i e l d  r a n g e .  F o r  h o w e v e r  a
d e c r e a s e  i n  a m p l i t u d e  o f  o s c i l l a t i o n s  w i t h  i n c r e a s e  i n  t e m p e r a t u r e  i s  
c o r r e c t l y  p r e d i c t e d  w i t h i n  a  fe w  p e r c e n t .  F o r  |L ^^ | t h e  p r e d i c t e d  d e ­
c r e a s e  i s  o f  t h e  o b s e r v e d  o r d e r  o f  m a g n i t u d e .
In  th e  fo l lo w in g  t a b l e s  (® i2^th s -^Sn^^^es  bbe r a t i °  ° f  th e  th e o ­
r e t i c a l  i L ^ l  te rm s a t  t h e  two te m p e ra tu re s  2 .1 °  and 4 .2°K :
1 ^ 2 1 th  ® 2 a ° K
<R1 2 ) th |L l 2 | th  9  4 . 2 ° K
(R l2 ^ex s i §n i f i e s  t 'ie  co rre sp o n d in g  r a t i o  o f  ex p e r im e n ta l  v a lu e s .
^R15^th  and ^R15^ex a r e  s i m i l a r l y d e f in e d .
The A m plitude a s  a F u n c t io n  o f  F ie l d
In  a l l  o s c i l l a t o r y  te rm s o f  th e  th e o ry  th e  a m p li tu d e  o f  o s c i l l a ­
t i o n  shows a monotonic and r a t h e r  r a p id  in c r e a s e  w ith  i n c r e a s e  i n  f i e l d .  
The o bserved  o s c i l l a t i o n s  have a complex b u t  g e n e r a l ly  in c r e a s in g  en­
v e lo p e .  The m agnitudes  o f  th e  t h e o r e t i c a l  term s a r e  in  most c a se s  too 
s m a l l .  For o f  b ism uth  th e  d e r iv e d  am p li tu d e  i s  th e  same a s  th e  .
e x p e r im e n ta l ly  de te rm in ed  v a lu e  a t  abou t 13,000 gauss  and 2 .1°K ; f o r  
{ 2 1 z in c  th e  d e r iv e d  v a lu e  i s  a t  b e s t  1 0  ^ too  sm all everyw here 
w i th i n  th e  o bserved  r a n g e .  For I L ^ I  ° f  b ism uth  a t  2.1°K th e  d e r iv e d  
am p li tu d e  i s  a t  b e s t  on ly  1 0   ^ o f  th e  o bserved  a m p li tu d e ;  f o r  o f
z i n c ,  th e  b e s t  p r e d i c t i o n  o f  a m p li tu d e  i s  low by a f a c t o r  o f  10  
\ ^22^  Pr e d i c t e d  f o r  b ism uth i s  e x c e p t io n a l ,  b e in g  ab o u t  3 .5  t im es  l a r g ­
e r  th a n  th e  e x p e r im en ta l  v a lu e .
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TABLE I
- 1 4  - 2B ism u th :  ^ = 1 . 9  x  10 e r g ;  m* = 6 . 6  x  10 mQ
H I h z l t h  at 2 a °K lLT2lth at 4 -2°K (R12>th
g a u s s  mho/cm mho/cm s e e  t e x t
1 0 .0 0 0  1 .3 2  . 3 6  3 .7
1 2 .0 0 0  1 .0 1  .3 7  2 .7
1 4 .0 0 0  .7 7  . 3 5  2 . 2
1 6 .0 0 0  . 5 8  .3 1
H l L ? l j  a t  2 . 1°K | l7 J  a t  4 .2 ° K  ( R . „ )
1 1 2 *ex  * 1 2 *e x  1 2  e x
g a u s s  mho/cm mho/cm s e e  t e x t
1 0 .0 0 0  . 7 9  .2 1  3 . 8
1 2 .0 0 0  . 8 2  .3 1  2 . 6
1 4 .0 0 0  . 9  . 4 0  2 .2
1 6 .0 0 0  . 9
H / L1 5 1 t h  a t  2 « i 0 r  lL 15^ t h  a t  4 - 2° K ^R1 5 ^ th
g a u s s  amp/cm amp/cm s e e  t e x t
1 0 .0 0 0  4 . 9  x  10 " 4  . 7 3  x  10 ~ 4  6 .7
1 2 .0 0 0  2 . 6  x  10 _ 4  .7 0  x  10 ~ 4  3 . 8
1 4 .0 0 0  1 . 2  x  1 0 " 4  . 6 0  x  10 ~ 4  1 . 9
1 6 .0 0 0  . 2 3  x  10 “ 4  . 4 9  x  10 - 4  .4 7
H 1 ^151 e x  a t  2 a ° K l L7 5 )e x  a t  4 - 2° K (R15> ex
g a u s s  amp/cm amp/cm s e e  t e x t
1 0 .0 0 0  1 .1  x  10 “ 2  . 7 5  x  1 0 " 2  1 .4 5
1 2 .0 0 0  1 .1  x  10 " 2  . 7 5  x  10 " 2  1 .4 5
1 4 .0 0 0  1 . 3  x  10 - 2  1 .1  x  10 " 2  1 .2
1 6 .0 0 0  1 .3  x  10 " 2
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TABLE II
Bismuth; ^ = 1 .9  X 10 ^ e r g ;  m* = 6 . 6  x  10 m
H | L ~ | th  a t  2.1°K | L ~ | ex a t  2.1°K
gauss  mho/cm mho/cm
10.000 , 19 .9  2 .2
1 2 . 0 0 0  8 .9  2 .25
14.000 7 .9  2 .6
16.000 6 . 9
o
TABLE I I I
Z i n c ^  4 .2  x l O ' ^ e r g ;  m* = 6 . 8  x  lO ^ m
H i L12 I th  a t  2° K i ^ f e x  a t  2° K
S3USS mho/cm mho/cm
4 .0 0 0  2 7 231.000
6 .000  o 250.000
8 . 0 0 0  ' a „ '*4 212,000
10,000 o• 2  187,000
l Ll s l t h  a t  2  K l L1 5 le x  a t  2°K
a” P/o "  ,  amp/cm
4 »0 0 0  96 x 10
6 - 0 0 0  23 x 10" 6  4 8
8 >0 0 0  8 .7  x 10"S 4 „




A t t e n t i o n  i s  c a l l e d  t o  t h e  l a r g e  a m p l i t u d e s  o f  t h e  o s c i l l a t i o n s  i n  
t h e  d e r i v e d  c o e f f i c i e n t s  an d  L2 5  — a n d  h e n c e  i n  a l l  " e l e c t r i c - t h e r ­
m a l” a n d  " t h e r m a l - e l e c t r i c "  c o e f f i c i e n t s  — c o m p ared  w i t h  t h e  e l e c t r i c  
c o n d u c t i v i t y  an d  th e r m a l  c o n d u c t i v i t y  c o e f f i c i e n t s .  The l a r g e  a m p l i ­
t u d e s  may b e  s e e n  i n  t h e  c o m b in a t i o n  o f  f a c t o r s  * /? /k T .  T h i s  d o e s  n o t  
o c c u r  i n  t h e  c o n d u c t i v i t y  c o e f f i c i e n t s  w h ic h  h a v e ,  o n  t h e  c o n t r a r y ,  
some po w er  o f  ’'J i n  t h e  d e n o m i n a t o r .  L a r g e  a m p l i t u d e s  o f  o s c i l l a t i o n s  
i n  t h e  e l e c t r i c - t h e r m a l  an d  t h e r m a l - e l e c t r i c  c o e f f i c i e n t s  a r e  u s u a l l y  
b u t  n o t  u n i v e r s a l l y  fo u n d  e x p e r i m e n t a l l y .
W h i le  t h e  d i s p a r i t y  b e tw e e n  t h e  p r e d i c t i o n s  b a s e d  o n  t h e  r e s u l t s  
o f  t h i s  d e r i v a t i o n  a n d  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n s  s t a n d  o u t ,  i t  
m u s t  b e  n o t e d  t h a t  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n s  a r e  n o t  m ade i n  t h e  
f i e l d  r a n g e  f o r  w h ic h  v a l i d i t y  i s  c l a im e d  f o r  t h e  d e r i v a t i o n .  T h a t  i s
t h e  t h e o r e t i c a l  r e s u l t s  s h o u l d  b e  l i m i t e d  i n  f o r m a l  v a l i d i t y  t o  a  r a n g e
P  << ^  , y e t  f o r  b o th  b i s m u t h  a n d  z i n c  b y  1 5 ,0 0 0  g a u s s  i s
a l m o s t  a s  g r e a t  a s  ^ . ( F o r  b o t h  b i s m u t h  a n d  z i n c ,  ff P *  .0 1  X » ) ^  F u r ­
t h e r m o r e ,  t h e  c o m p l e x i t y  o f  t h e  d a t a  m akes  p e r s p i c u o u s  t h e  p r e s e n c e  o f  
many b a n d s  a n d  t h e  p r o b a b i l i t y  t h a t  t h e  o s c i l l a t o r y  p a r t  o f  t h e  c o n d u c ­
t i o n  i s  by  c a r r i e r s  f ro m  a  s m a l l  p o c k e t . ^  A f r e e  e l e c t r o n  c a l c u l a t i o n
^ C .  G. G r e n i e r ,  p r i v a t e  c o m m u n ic a t io n .
would th u s  be u n l i k e l y  to  show q u a n t i t a t i v e  ag ree m en t.  In  t h i s  r e s p e c t
we may c i t e  a l i m i t e d  agreem ent o f  t h e  d a ta  u sed  h e r e  w i th  an e x t e n s io n
62o f  th e  th e o ry  o f  L i f s h i t z  and K osevich made by R eynolds,  G r e n ie r ,  and 
63Zebouni. The o s c i l l a t i o n s  p r e d i c t e d  i n  t h a t  th e o ry  depend in  th e  main 
on a f l u c t u a t i o n  i n  th e  number o f  c a r r i e r s  due to  in t e r b a n d  exchange.
The o s c i l l a t i o n s  p r e d i c t e d  a r e  s m a l l .
A rem in d e r  i s  i n  o r d e r ,  t h a t  i n  a n a l y s i s  a c h o ic e  has  to  be made 
betw een th e  f r e e  e l e c t r o n  mass p ro p e r  f o r  a f r e e  e l e c t r o n  th e o ry  and  th e  
q u a s i - f r e e  '^ e f f e c t iv e  m a s s ."  The e f f e c t i v e  mass i s  u sed  h e r e ,  b e in g  con­
s i d e r e d  a p a r t  o f  th e  e x p e r im e n ta l  d a t a .  T h is  i s  o f  c o u rs e  b u t  one i n
a long  s e r i e s  o f  p r o v is o s  th e  a u th o r  o f  any s o l i d  s t a t e  th e o ry ,  and
* .
p a r t i c u l a r l y  a f r e e  e l e c t r o n  c a l c u l a t i o n ,  m ust make. For exam ple, 
s p h e r i c a l  energy  s u r f a c e s  d e s c r ib e  f r e e  e l e c t r o n s  b u t ,  ex c e p t  i n  r a r e  
c a s e s  o f  which InSb i s  p e rh a p s  th e  b e s t  exam ple, th e y  do n o t  a c c u r a t e l y  
r e p r e s e n t  th e  m a t e r i a l s  o f  e x p e r im e n ta l  i n t e r e s t .  A s p h e r i c a l  s u r f a c e  
i s  a b e t t e r  a p p ro x im a tio n  f o r  b ism uth  th a n  f o r  z in c  and t h i s  i s  a p o s ­
s i b l e  p a r t  o f  th e  e x p la n a t io n  f o r  t h e  b e t t e r  ( a l th o u g h  s t i l l  p o o r)  a -  
greem ent betw een th e  c a l c u l a t i o n  and th e  d a t a  f o r  b ism u th .  F u r t h e r ,  
open Fermi s u r f a c e s ,  s u r f a c e s  o f  e x o t i c  sh ap e ,  and m a g n e t ic  breakdown 
a r e  n o t  w i th in  th e  scope  o f  t h i s  m odel. Nor i s  phonon d ra g ,  m easu r in g  
i n  a s e n se  how n o n - f r e e  th e  e l e c t r o n s  a r e .  At th e  lo w es t  te m p e ra tu re s  
t h e  l a t t i c e  s p e c i f i c  h e a t  f a l l s  o f f  r a p i d l y  and th e  phonon d ra g  compo­
n e n t  o f  th e  t h e r m o e le c t r i c  power becomes n e g l i g i b l e ,  b u t  a t  an  e s t i m a t ­
o r .  M. L i f s h i t z  and L. M. K osev ich , S o v ie t  P h y s .—JETP (>, 67
(1 9 5 8 ) .
C. G. G re n ie r ,  J .  M. R eyno lds ,  and N. H. Z ebouni,  P hys . Rev. 
129, 1088 (1 9 6 3 ) .
ed  1 ^ iv /d e g  a r o u n d  1°K i t  c o u l d  b e  c o m p a ra b le  t o  t h e  d i f f u s i o n  th e rm o -  
64e l e c t r i c  pow er*  P e r h a p s  t h i s  i s  o n e  c a u s e  o f  t h e  g r e a t  d i s c r e p a n c y  
b e tw e e n  t h e  t h e o r y  a n d  t h e  e x p e r i m e n t a l  d a t a  t a k e n  a t  2 . 1 °  o r  4 . 2 ° K .  
T h i s  w o u ld  o p e n  t o  q u e s t i o n  o u r  n e g l e c t  o f  l a t t i c e  t h e r m a l  c o n d u c t i v i t y .  
N e g l e c t  o f  p o s s i b l e  a n i s o t r o p y  a n d  e n e r g y - d e p e n d e n c e  o f  t h e  s c a t t e r i n g  
b y  i m p u r i t i e s  c a n n o t  b e  b la m e d  e n t i r e l y  on  t h e  f r e e  e l e c t r o n  m ode l b u t  
seem s a  n e c e s s a r y  f u r t h e r  s i m p l i f i c a t i o n *  N e g l e c t  o f  e f f e c t s  d u e  t o  
f i n i t e  s a m p le  s i z e  i s  r e a s o n a b l y  j u s t i f i e d ,  t h e  e x t e n t  o f  t h e  w ave f u n c ­
t i o n  i n  t h e  d i r e c t i o n  o f  t h e  e l e c t r i c  f i e l d  b e i n g  o f  t h e  o r d e r  o f  1 0  ^ 
cm f o r  1 k i l o g a u s s *
I n  t h e  u s u a l  m a n n e r ^  a  tw o -b a n d  s t a t e m e n t  c o u l d  be  a p p e n d e d  t o  
t h e  f i n a l  e x p r e s s i o n  f o r  e a c h  L by s i m p l y  c o n s i d e r i n g  t h e  p r e s e n t  r e ­
s u l t s  t o  a p p l y  t o  t h e  e l e c t r o n s  i n  t h e  lo w e r  l e v e l s  o f  t h e  u p p e r  b a n d .
To o b t a i n  t h e  e x p r e s s i o n  f o r  t h e  e l e c t r o n s  i n  t h e  u p p e r  l e v e l s  o f  t h e  
l o w e r  b a n d ,  ^  i s  e v e r y w h e r e  r e p l a c e d  by  -  3  ) > w h e re  i s  t h e  a s ­
s u m e d - c o n s t a n t  s e p a r a t i o n  i n  e n e r g y  o f  t h e  two b a n d s *  C o n d u c t io n  by  
p o s i t i v e  c a r r i e r s  c o u l d  b e  i n t r o d u c e d  by a  c h a n g e  i n  t h e  s i g n  o f  e .
The d e n s i t y  m a t r i x  a p p r o a c h  i t s e l f  i s  n o t  r e s t r i c t e d  t o  a  n a r r o w  
f i e l d  r a n g e  a n d  s u c c e s s  i n  p e r f o r m i n g  c e r t a i n  t r o u b l e s o m e  i n t e g r a l s  
w i t h o u t  im p o s in g  t h e  c o n d i t i o n  o f  m o d e r a t e l y  s t r o n g  m a g n e t i c  f i e l d s  
c o u l d  p r o b a b l y  e x t e n d  t h e  v a l i d i t y  o f  t h e  r e s u l t s  t o  w eak  f i e l d s .
^ D .  K. C. M acD o n a ld ,  T h e r m o e l e c t r i c i t y ; An I n t r o d u c t i o n  t o  t h e  
P r i n c i p l e s  ( J o h n  W i le y  a n d  S o n s ,  New Y o rk ,  1 9 6 2 ) ,  p .  2 3 .
^ Z i l ^ b e r m a n ,  o £ .  c i t .
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J] f(n) = Vlif J 2  FUir»0,
r» ■ - »  m
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For convenience in summing functions of half-integers, the formula may
78b e  t r a n s f o r m e d  t o
= ■ £ “ ( - ' ) ' / " f O OV -O  )0
x .
One sum we e n c o u n t e r  i s
n =. o
w h ic h  we l a b e l  ,TT . W here we h a v e  e n c o u n t e r e d  t h i s  we h a v e  b e e n  l e d  
t o  c u t  o f f  t h e  sum by  d e f i n i n g  t h e  summand t o  b e  z e r o  f o r  n  }  n * ,  w h e re  
n* i s  s u c h  t h a t  t h e  d e n o m in a to r  i s  z e r o ,  t h a t  i s ,  n* = £ / f f c o c -  % •
The u p p e r  l i m i t  may t h e n  b e  t a k e n  t o  b e  n* o r  up t o  oo a s  c o n v e n i e n t .
We d e f i n e  K = i / f i c u  a n d  o b t a i n
. T -
?
w h e re  x  = n  + % .  L e t t i n g  y = K  -  x ,
n r -  - I “ ( - o p e ‘^ K ( V *
r w~m  j k
‘  4 S ;  ^
* ( - i ) 1 e - ‘ 21r J K [ % - " *  e ‘ Jlr«  J y  |  •
Now l e t t i n g  z /2 rrq  = y ,
* £ L  +  _ i _  r  L i 'v .K f 9: ''* * . - ■ ' i n l c
78D i n g l e ,  0 £ .  c i t . ,  p .  515
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or j '  t S  *
t e ‘" l l< [ C f i H " )  ♦ < S ( 21rj k ) ] J ;
79w here C and S a r e  th e  F re s n e l  i n t e g r a l s ,  b o th  o f  which a r e  odd fu n c-
j
t i o n s .
For £ »  K oo and we may u s e  C(oo) = S(oo) = h • Then
Jc * i s ]  = % [ l  * i ]  = h  a/ * ?  e±lTT^ .  In  t h i s  c a s e ,
*  •
■ t S f ' - f / p . p f - w - H i -
T his  i s  t h e  e x p r e s s io n  f o r  (7T used  in  t h i s  work. The d e t a i l s  a r e  ex­
h i b i t e d  h e re  i n  o r d e r  t h a t  th e  o r i g i n  o f  th e  rr/4 f a c t o r  be c l e a r :  tt/ 4 
i s  th e  p o l a r  ang le ,  made by th e  v e c t o r  from th e  o r i g i n  to  th e  eye in  th e  
Cornu s p i r a l .  In  f a c t  we may e a s i l y  s e e  o v e r  what v a lu e s  t h i s  p h ase  
f a c t o r  may ra n g e  when £. i s  n o t  so l a r g e  a s  t o  p e r m i t  u s in g  C(oo) and
S(oo) s in c e  t h e  u p p e r  h a l f  o f  th e  s p i r a l  i s  t h e  lo c u s  o f  a l l  p o i n t s
80C + iS .  T h is  ran g e  i s  d i s c u s s e d  by G rim sa l .  I t  w i l l  be n o t i c e d  a l s o
t h a t  t h e  f a c t o r  *J~2 /  2 i s  c o r r e c t  ( i s  th e  le n g th  o f  th e  r a d iu s  v e c t o r )
o n ly  f o r  th e  i n f i n i t e  a rgum ent; a g a in ,  t h i s  f a c t o r  f o r  o t h e r  v a lu e s  may
81be o b ta in e d  from th e  Cornu s p i r a l ,  o r ,  fo l lo w in g  D in g le ,  by an asymp­
t o t i c  e x p an s io n  o f  th e  F re s n e l  i n t e g r a l s .
79 E. Jahnke  and F. Eknde, T ab les  o f  F u n c t io n s  (Dover P u b l i c a ­
t i o n s ,  New York, 1945),  p .  35.
80,, . , . .G r im sa l ,  0£ .  c i t .
81 _.. ,D in g le ,  £ £ .  c i t .
t e g r a l s .  p B - ^
n =- &
\ i—\ oo /• <&
1  .
p=
The s e c o n d  sum e n c o u n t e r e d  i n  t h i s  w ork  i s
h  »• O
The P o i s s o n  su m m a tio n  h e r e  i s  f a c i l i t a t e d  by  e x p r e s s i n g  t h i s  i n  t e r m s  
o f  c o s i n e s  a t  t h e  o u t s e t ,  r a t h e r  t h a n  w o r k in g  t h r o u g h  t h e  F r e s n e l  i n -
_ i__
i—V °° /  W _ U. -
, * f f e ;  <■7 j = ;  x  [ k _ * j ( « t > )  j «  } .t ~ ° *
We o m i t  t h e  t e d i o u s  d e t a i l s  e x c e p t  t o  n o t e  t h a t  i n  t h e  c a l c u l a t i o n s  i n  
C h a p t e r  I I I  we em p loy  o n l y  t h e  f i r s t  tw o t e r m s  i n :
^  -- i i & r  N W p ? - e e - -  f )
F i n a l l y ,  we a l s o  m ake u s e  o f  t h e  p r o d u c t s  (T r ^TT an d  f
,TT JT { ,  .  -  ( ^ - t )
i f f  / w *  r~*  -  I I I
•  7 T f ( “ r J  ’  ’  /  >
an d
A g a in ,  we em ploy  o n l y  t h e  f i r s t  two t e r m s  o f  e a c h  o f  t h e s e  p r o d u c t s  i n  
t h e  c a l c u l a t i o n s  o f  C h a p t e r  I I I .
APPENDIX II
O b ta in in g  i s  an  e le m e n ta ry  o p e r a t i o n  th e  d e t a i l s  o f  which we
g iv e  below in  o r d e r  to  make c l e a r  t h e  o r i g i n  o f  t h e  form we u s e .
Where ,
f  = [e x p C c ^ -V /V r)  + l ]  ,
H  = -  —  1 •
£y<> L <*Y° c)y« J
But ^  = -teV + / i»  and — ~ y  = e ,  S o
^  - x r \ T - ‘ ^ I  - e E  -  4 4 -
I c *1° d*° -I
o r  >L
,  [ C £ - v i f - t - ' V y T ) -
C arry in g  o u t  t h e  d i f f e r e n t i a t i o n ,
d-P /  , \ _ i  ^  i
^ - ( e - * r  + l )  e  KT —
(
■/» I
f c l  - £ ^ 3 U  KT e  i ip r  +  e  * * r  I ^
I Lx-  — s e e n  • ,  „-p
T h e re fo re
~  *  -  [ C £ - Y ) ( - T " ‘yyr )  -  7y t ]  sec<i ■ f c r "
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4nVkT
u -  k « c 5
X TT U  
2
( IA )  : c
. 2  sech w
( IB )  : \ » 2 sech2w
( IC )  : (  4 Jw sech2w
( ID )  : ( ~
, 2  sech w
( I E )  : Jw sech2w
( I F )  : Jw2 . 2  sech w
(IG )  : (w3 sech2w
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TABLE OF INTEGRALS
; T1 ( n )  = ( n - 1 ) ! ; ( n )  = R iem ann  z e t a  f u n c t i o n s





+ \ ]  = a 4 u >
. _ 3  un
88
= a 3 0 ) 8 7
-  2  A c t n h 2 A
8  X -  6  c t n h 2) 
89-  5 X c t n h  \  + 3^  = Ac(X)
82 E. B. D w ig h t ,  M a t h e m a t i c a l  T a b l e s  o f  E l e m e n t a r y  an d  Some 
H i g h e r  M a t h e m a t i c a l  F u n c t i o n s  (D o v e r  P u b l i c a t i o n s ,  New Y o rk ,  1 9 5 8 ) ,  
2 n d  e d . ,  p .  2 1 2 .
OO
A. E r d e l y i ,  W. M agnus , F . O b e r h e t t i n g e r , an d  F .  G. T r i c o m i ,  
T a b l e s  o f  I n t e g r a l  T r a n s f o r m s  (M c G ra w -H il l  Book Company, New Y o rk ,  
1 9 5 4 ) ,  V o l .  1 ,  p .  3 2 3 ,  T a b l e  6 . 6 , Eq. ( 3 ) .
84 I b i d .





I b i d . ,  p .  3 0 ,  T a b l e  1 . 9 ,  Eq . ( 2 ) .
I b i d . ,  p .  8 9 ,  T a b l e  2 . 9 ,  E q . ( 1 4 ) .  N o te :  ( I E )  = -  d ( I D ) / d u .
( I F )  = d ( I E ) / d u .
( IG )  = -  d ( I F ) / d u .
Asymptotic behavior of Afl(X)
X « 1  ( l a r g e  H)
A2 = 2 -  >T/3 + . . .  
A3 = -  ttX/3 + . . .
A = (tt2 / 2 )  [ ( 1 /3 )  - 5X2/1 8  + . . . ]
A5 = 7tt X/60 + . . .
X » 1  ( sm a l l  H) 
-X
A2  = 4 X e
-X
A3  = - 2ne (1-X) 
A4  = n 2 e"X(2-X)
A5 =(TT3 / 2 ) e " X(3-X)
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